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ABSTRACT

Context. The Sérsic law reproduces very well the surface brightness profile of early-type galaxies, and therefore it is routinely used in
observational and theoretical works. Unfortunately, its deprojection cannot be expressed in terms of elementary functions for generic
values of the shape parameter n. Over the years, different families of approximate deprojection formulae have been proposed, generally
based on fits of the numerical deprojection over some radial range.

Aims. We searched for a very simple, accurate, and theoretically motivated deprojection formula of the Sérsic law without free
parameters, not based on fits of the numerical deprojection, and holding for generic n > 1.

Methods. We found the formula by requiring it to reproduce the analytical expressions for the inner and outer asymptotic expansions
of the deprojected Sérsic law of a given n and by matching the two expansions at intermediate radii with the request that the total
luminosity coincides with that of the original Sérsic profile of the same n.

Results. The resulting formula is algebraically very simple. By construction, its inner and outer parts are the exact (asymptotic)
deprojection of the Sérsic law, and it depends on two coefficients that are analytical functions of the n of immediate evaluation. The
accuracy of the formula over the whole radial range is very good and increases for increasing n, with a maximum of relative deviations
from the true numerical deprojection of ~8 1073 for the de Vaucouleurs profile. In the appendix, the extension of the proposed formula
to profiles with n < 1 is also presented and discussed.

Conclusions. The formula we obtained is a simple and useful tool that can be used in the modeling of early-type galaxies, and its
ellipsoidal generalization is immediate.

Key words. galaxies: elliptical and lenticular, cD — galaxies: structure

1. Introduction

The surface brightness profiles of early-type galaxies are
described quite well by the empirical Sérsic (1968) law
(e.g., Caonetal. 1993), which is a generalization of the
de Vaucouleurs (1948) profile. The Sérsic law has also
been used to model dwarf galaxies (e.g., Graham & Guzman
2003; Battagliaetal. 2006), the bulges of spiral galax-
ies (Andredakis etal. 1995), and globular clusters (e.g.,
Barmby et al. 2007). For this reason, the Sérsic profile has been
used intensively in observational works and has also been inves-
tigated in depth from the theoretical point of view (e.g., see
Graham & Driver 2005, and references therein). In the follow-
ing we restrict our discussion to the spherically symmetric case
for simplicity, but the generalization to the ellipsoidal case is not
difficult (see Section 4; see also Chapter 11 in Ciotti 2021, here-
after C21). The Sérsic profile of spherical galaxies can be written
as

1/n

R
I(R) = Ipe™™"", = (1

where n is the shape parameter, I is the central surface bright-
ness, R is the radius in the projection plane, R, is the effective
radius (i.e. the radius in the projection plane enclosing half of the
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total luminosity of the profile), and b is a dimensionless param-
eter depending on n. The total luminosity associated with the
profile in Eq. (1) is
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where I'(x) is the Euler gamma function. Usually, the equation
above is used to eliminate Iy in Eq. (1) in favor of L. As is well
known the value of the parameter b in Eq. (1) depends on n via
the transcendental equation I'(2n)/2 = y(2n,b), where y(a, x)
is the lower incomplete gamma function; the equation comes
from the request that R, is the effective radius, and since b(n)
cannot be expressed in terms of elementary functions, several
high-quality fits of the numerical solution have been presented
in the literature (see, e.g., Ciotti & Bertin 1999; also see C21).
Finally, Ciotti & Bertin (1999) showed that b(n) for n — co can
be expressed as the asymptotic series
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where higher order terms can be easily constructed. For practical
purposes, it should be noticed that the relative error (in absolute
value) of Eq. (3) truncated just to the first four terms compared
to the true solution for 1 < n < 10 is already as small as ~3.8 X
107 in the worst n ~ 1.2 case, decreasing down to ~1078 for
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increasing n. Even for n as low as 1/2, the relative error is ~7 X
107

The deprojected luminosity density profile v(r) of the Sér-
sic law, which is the focus of the present paper, is given by the
usual Abel deprojection integral (e.g., Binney & Tremaine 2008,
C21)

1 f “dI(R) dR

nJ, dR R _72

where r is the spherical radius. As is well known, v(r) cannot
be expressed in terms of elementary functions for generic values
of n. For this reason, a great effort has been devoted to build
sufficiently accurate and manageable analytical approximations
of the true (i.e., numerical) v(r), usually valid over some more
or less extended radial interval. We mention here a few of the
main adopted approaches with a list that is almost certainly not
complete:

1. Purely numerical deprojections: The v(r) profiles are given
as tables, in particular for the special case of the de Vau-
couleurs n = 4 law (Poveda et al. 1960; Young 1976).

2. Multi-Gaussian deprojections: The v(r) profiles are deter-
mined from the property that the deprojection of a centered
Gaussian is a Gaussian. The weights and dispersions of the
Gaussian components adopted to expand I(R) in Eq. (1) are
determined numerically and given in tables. This approach
was used for the n = 4 profile by Bendinelli et al. (1993)
and successively extended to generic Sérsic profiles (e.g.,
Pechetti et al. 2020).

3. Single slope power-law fits: In this important family, v(r) is
approximated as

v(r) = “

3
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.
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(Mellier & Mathez 1987; Prugniel & Simien 1997, see also
Gerbal & Lima 1997, Lima 1999; Marquez & Lima 2000;
Terzi¢ & Graham 2005). The expression for v(r) in Eq. (5)
guarantees that for generic 8 < 3, its total luminosity L is the
same as that of the Sérsic profile of index n, effective radius
R., and central surface brightness Iy. The parameter g is a
function of n and is obtained from a fit of the numerically
deprojected profile over some prescribed radial range. In this
way the value of 8 also depends on the radial range used for
the fit. We notice that R, is the effective radius of the true
profile and not that of the deprojected approximated formula
(even though they can almost be identical).

4. Refined single slope power-law fits: In this approach, v(r) is
reproduced with modifications of the single power-law fits
by considering more complicated functions than the expo-
nential term in Eq. (5), for example, as a sum of exponentials
(Simonneau & Prada 2004). In this family we mention the
very high-accuracy deprojected profile of Vitral & Mamon
(2020), which is obtained by fitting the residuals of Eq. (5)
with respect to the true profile with bivariate polynomials of
order ten in terms of log'(s) log’(n). The polynomials’ coef-
ficients are given in numerical tables, and the lower limit of
the range of r/R. was set to 1073. In Vitral & Mamon (2021),
the lower limit was further reduced to 1074,

5. Special functions fits: A high-quality fit of v(r) in terms of
the modified Bessel functions of the second kind K, supple-
mented by tables for the numerical values of the parameters
as a function of n, is given in Trujillo et al. (2002). A refine-
ment of the formula is given in Emsellem & van de Ven
(2008).

v(r) &)

N
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6. Analytical deprojections: v(r) is a Gaussian for n = 1/2,
and a modified Bessel function of the second kind K|, for the
exponential case n = 1 (e.g., see Baes & Ciotti 2019). More-
over, v(r) can be expressed in terms of Meijer G functions
for all rational values of n (Mazure & Capelato 2002) and
in terms of Fox H functions for generic n (Baes & Gentile
2011; Baes & Van Hese 2011). However, these advanced
transcendental functions are rarely used in common appli-
cations, and they are not routinely implemented in numeri-
cal packages. In this family of analytically exact formulae,
we also mention those based on the method of asymptotic
expansion (Ciotti 1991, hereafter C91; see also C21) that
give the asymptotic formulae for v(r) for r — 0 and for
r — oo. As shown in Section 2, these formulae are the start-
ing point of the present study.

Nowadays, available computer algebra systems allow one to
numerically integrate Eq. (4) with arbitrarily large numerical
precision so that the need for sophisticated analytical approxi-
mations of v() is not as compelling as it was when the de Vau-
couleurs and Sérsic laws were introduced. However, an analyt-
ical approximation of v(r) can still be useful if it satisfies the
following properties:

(P1) Correct analytical behavior at the center and at large
radii. In fact, one of the common uses of an analytical v(r) is to
obtain the radial trends of dynamical quantities (such as, gravi-
tational potential and solutions of Jeans equations) near the cen-
ter also in presence of a central supermassive black hole. Quite
often the approximations of v(r), obtained as fits over some finite
radial range, are not correct at the center and/or at large radii
(unless the correct trend is imposed to the functional form of the
fitting function).

(P2) Monotonically decreasing behavior for increasing r.
This property of the Sérsic law for n > 1/2 follows from the
identity
dv(r) rf"" d | 1dI(R) dR
dr nJ, dR|R dR | JRz_ 2
which is established with integration by parts of Eq. (4) and then
by differentiation with respect to r. Forn > 1/2, it is easy to show
that the integrand is nowhere negative, while for 0 < n < 1/2,
an asymptotic analysis shows that the profile is non-monotonic,
with d v(r)/dr > 0 near the center and negative at large radii.

(P3) Conservation of the total luminosity. The proposed for-
mula should have the same L as the true Sérsic profile of a given
n, Re, and Iy. It should be noted that in general the R. appear-
ing in the approximate formulae is the effective radius of the
true profile, not the effective radius of the approximated formula
(even though the two values are of course very similar for high
accuracy formulae).

(P4) Accuracy over a large or total radial range. The request
is obvious; however, for practical purposes differences of less
than a few percent from the true v(r) can be safely ignored in
almost all observational and theoretical works.

(P5) Simplicity. As stated previously, since fast numerical
deprojection with arbitrarily high accuracy is now possible, only
sufficiently simple formulae can really be useful in applications.

The different formulae proposed so far satisfy some of the
properties above, while they are less satisfactory for some oth-
ers. Here, we follow a different approach from that of previous
works, namely, we do not use any fit, but we build a formula
starting from the analytically exact (asymptotic) deprojection of
the Sérsic law for large and small radii, restricting to n > 1, the
range of interest in applications. In this way, the proposed depro-
jection formula is correct by design for » — 0 and r — co. Then

(6)
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we match the two regimes by introducing a transition parameter
p whose value is uniquely determined by n and by the request
that the total luminosity coincides with L of the original Sér-
sic law. The resulting formula is extremely simple and performs
extremely well over the entire radial range, with relative errors of
the order of 1072 or less (with accuracy improving with increas-
ing n).

The paper is organized as follows: In Section 2, we construct
and discuss the proposed deprojection formula, and in Section 3
the formula is compared to the true numerically deprojected Sér-
sic profile. In Section 4, the main results are summarized.

2. The asymptotically matched deprojection formula

In our study, we mainly focus on the deprojection v(r) of the
Sérsic profile for n > 1, the range encompassing the vast major-
ity of cases of interest for early-type galaxies. In Appendix A,
however, we consider in some detail the approximation of v also
for n < 1 profiles. We do not consider the approximation of the
deprojection of the n = 1 profile because for this model, v can
be written as a Bessel K function:

1
vy = 292 kb,
R.

€

@)

where s = r/R., the convention adopted throughout the paper,
and b = b(1) ~ 1.67835. For future reference, we recall that near
the origin

- 5 ®)

v(r) ~ I—Oé(lni —7), r—0,
R.m N

where y =~ 0.57721 is the Euler constant, and the characteris-
tic central logarithmic divergence of the deprojected exponential
profile is apparent (see, e.g., Eq. (A.6) in C91, and Eqgs. (8.447.3)
and (8.447.1) in Gradshteyn & Ryzhik 2007).

As shown in C91, for 0 < n < 1 near the origin, v(r) con-
verges to a finite value (dependent on n) as

I() b”F(l - n)e_bsl/n

b 0- 9
)~ r— ©)
For n > 1 instead, v(r) near the origin diverges as'

Iy (1 n-1\ b e b5
v(r) ~ vi(r) = ITeB (5, 7) Yan sicime T 0, (10)

where B(x, y) is the Euler beta function. In the external regions,
the leading term of the asymptotic expansion of v(r) for a generic
n > 0 1is finally given by

IO b e—b.v'/"
w(r) ~ ve(r) = 1?6 \/ Yn si-1en’

Of course, in Eqs. (7)—(11), Iy can be expressed in terms of L
and R, using Eq. (2).

These asymptotic expansions show that Eq. (5) cannot be
simultaneously correct at the center and in the external regions;

QY

' Due to a typo, the coefficient 2mb™ ! at the denominator of Eq. (9) in
C91 and of Eq. (13.25) in C21 (for m > 1) should be 2xmb~". We notice
that Eq. (AS) in C91, from which the correct Eq. (10) in this paper and
the two mentioned equations in C91 and C21 are derived, is correct.
Again, due to a typo in Eq. (13.25) in C21 (for m = 1), the s'/? at the
denominator should be s, as in the correct Eq. (7) in this paper and (A6)
in C91.

therefore, single power-law fits cannot be used to evaluate (rigor-
ously) the dynamical properties of v(r). However, the asymptotic
expansions also explain why, after all, the single slope power-law
fits in Eq. (5) perform surprisingly well, with increasing accu-
racy for increasing n. In fact the algebraic factors in Eqs. (10)—
(11) behave as r'/7~! at the center and as r!'/@-1 at large radii
so that for n large enough, the two exponents tend to the com-
mon limit of —1. For example, for n = 4, the inner and outer
power-law exponents are already quite similar: —0.75 at the cen-
ter and —0.875 in the external regions (in the Mellier & Mathez
1987 formula the best-fit exponent is ~—0.855). We also notice
how the asymptotic expansion is not uniform in terms of n; that
is, the central behavior of v for n = 1 cannot be obtained as the
limit for n — 1* of Eq. (10). It is to be expected that for n near
unity, the deprojection fomulae based on Eqs. (10)—(11) will be
(slightly) less accurate than for (say) n > 2.

Thanks to Egs. (10)—(11), we can proceed to the construction
of a high-accuracy approximated deprojected Sérsic profile that
is not a fit, has no free parameters, is monotonically decreasing,
and has the same total luminosity and the same exact trend in the
internal and external regions as the true deprojected profile. The
idea is to exploit the fact that for n > 1, the ratio v;(r)/ve(r) «
71/ is a monotonically increasing function that vanishes at the
origin and diverges for r — oo. This allows us to satisfy all the
mentioned requirements (except the conservation of L, which we
discuss later) with the elementary trial function

Vi(r) _ Ve(r)
L+vi(D/ve(r) — T+ ve(D/i(r)

We note that the request of exact central and external behaviors
(i.e., thatlim,o v,/v; = 1 and lim,, v,/v. = 1) implies that the
coeflicients in front of v;(7) and v.(r) in Eq. (12) must be unity, as
must also be unity the additive constant in its denominator. We
also note that the proposed v, approaches both v; and v, from
below.

Of course, v,(r) cannot be expected to describe well the true
profile in the intermediate radial region. For example, the volume
integration of v,(r) gives a total luminosity that underestimates
L of the associated Sérsic profile by ~19% for n = 2, ~24% for
n =4, and ~27% for n = 10. As a consequence, while preserving
all its positive features, we must modify Eq. (12) so that its total
luminosity coincides with L. The idea is to introduce a matching
parameter p (dependent on n) to be uniquely determined by the
conservation of L. The most natural choice is to modify Eq. (12)
as

vu(r) = (12)

vi(r L c e b
Va(l’) — 1( ) — 1

{1+ i) ve(mIP}? R [1+c sp/(zm]”” sl-ln

(13)

where b is again given in Eq. (3), the second formula is expressed
in terms of L and R. of the true Sérsic profile, and from
Egs. (10)—(11) the two coefficients are the analytical functions

b 1 n—-1
,/—B -, —.
2nn 2" 2n

(14)

b2n+1 ( 1

n-—1
= Bl -, s =
U= deern) \2 2 ) G

For p > 0, the asymptotic properties of Eq. (12) are retained,
in agreement with the requests in P1, P2, P5 in the Introduction.
Moreover, for p > 1 it follows that 1 + x > (1 + x?)/P¥x > 0
(while the inequality inverts for 0 < p < 1) so that for p > 1 the

A118, page 3 of 8
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log s,

Fig. 1. Matching parameter p as a function of the Sérsic index n (solid
line) determined by numerically solving Eq. (15) so that the total lumi-
nosity of the profile v,(r) in Eq. (13) coincides with L of the true profile
in Eq. (1). As explained in Appendix A, p(n) vanishes for n — 1 and
then increases for decreasing n < 1 (see Table B.1). The dashed line
gives the transition radius (in units of R.) as defined in Eq. (16); for
n < 1, s, increases for decreasing n, remaining small, however.

denominator of Eq. (13) stays below that of Eq. (12), correcting
the total luminosity deficiency of the latter. Summarizing, the
value of p is uniquely determined by the request that Eq. (13)
satisfies P3, that is, by the condition

4r f va(r)r’dr = L. (15)
0

We numerically determined the values p(n) that lead to the lumi-
nosity conservation for a selection of representative values of
n, and they are plotted in Figure 1 and given in Table B.1. We
note how p(n) is greater than one for n > 1.08, and how it
increases as expected for increasing n, converging to the limit? of
p =~ 2.13645 for very large n. For n — 1, the value of p(n) drops
below unity, and in fact in Appendix A we prove that p(1) = 0.
When decreasing n further, the asymptotically matched depro-
jection v, changes as in Eq. (A.2), and the function p(n) then
increases.

It is also useful to define the transition radius r; as the radius
at which v;(ry) = ve(r); that is, from Eq. (13),

It 1
= —_— = — ]6
St R. an (16)

Qualitatively, for distances from the center smaller than s, the
profile is dominated by v;(r), while for larger radii, the profile
is increasingly better described by v.(r). In Figure 1, the dashed
line shows the function s¢(7). We note the non-monotonicity at
low values of n < 2, with a maximum of s, ~ 0.02 reached
at n =~ 1.63, and the following decrease to s(4) = 0.002,
s¢(6) =~ 0.0002, and so on, with s;, — 0 for n — 1. These
trends can be explained with a careful asymptotic analysis of
Eq. (16), which shows that s; ~ m(n— 1)2/[2b(1)] forn — 1* and
s¢ ~ e'/%/(4n") for n — oo. In practice, s; is always very small,

2 Volume integration of Eq. (13) in the limit of n — oo can be
performed noticing that the denominator of v, tends to the constant
(1 + nP%)!/P 50 that an asymptotic analysis shows that the limit value
of p is given by the solution of 1 + 77> = 27, in agreement with the
value determined from the numerical integration described in the text.
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Fig. 2. Radial trend of the relative error in Eq. (17) between the asymp-
totically matched and the numerically deprojected profiles for n = 2, 4,
and 8.

which is an indication that v(r) is almost completely dominated
by the external asymptotic profile. For the sake of completeness,
we note that for n < 1, s¢ instead increases for decreasing n, as
illustrated in Figure 1 and proved in Appendix A.

3. Results

We checked the accuracy of v, in Eq. (13) by computing the
relative error profile

&) = Va(r) — V(r),

v(r)
where v(r) is the numerically deprojected profile. As v(r)
diverges at the center for n > 1, a poor treatment of the inte-
gral in Eq. (4) can easily lead to a significant accuracy loss for
small radii, affecting in turn the robustness of the indicator &(r).
In order to control the deprojection, we started from Eq. (7) of
C91 (which holds for generic n > 0), written in terms of the
reduced radius @ = bs'/™ and where the central divergence of
v(r) for n > 1 is factored out exactly:

7)

I
Re T 1 \/t2n -1

10 bna,l—ne—a 0 o-a [(x2+l)]/(2")—l]
= r 1-1/(2n) dx.
0o (x2+1)

v(r)

18
R. nm (18)

In this way, the resulting integral becomes convergent. In the

second line, we adopted the substitution x = V" — 1 so that
the new integrand is free of the singularity, further improv-
ing the numerical stability. Motivated by the functional form of
Egs. (10)—(11), we finally factored out the exponential term e™*.

The results are surprisingly good and qualitatively similar for
all values of n, with accuracy increasing for increasing n. The
profile of &(r) is shown in Figure 2 for the three representative
cases of n = 2, 4, and 8; the largest error occurs at small radii.
In general, v,(r) tends to overestimate the true v(r) at small radii
before converging to it (by construction) for r — 0. Similarly,
at large radii, v,(r) tends to underestimate the true profile before
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n Smax log Smax A'umax log nmax
@ @ 3 “ &)

1.5 0.089 -2.616 -0.047 -3.778
20 0.033 -2591 -0.024 -3.499
25 0018 -2.789 -0.015 -3.624
3.0 0.012 -3.071 -0.011 -=-3911
35 0009 -3.445 -0.009 —4.000
4.0 0.008 -3.854 -0.007 -4.000
45 0.007 -4.000 -0.006 —4.000
50 0.006 -4.000 -0.005 —4.000
55 0.005 -4.000 -0.005 —4.000
6.0 0.004 -4.000 -0.004 —4.000
6.5 0.004 -4.000 -0.003 —4.000
7.0 0.003 -4.000 -0.003 —4.000
7.5 0.003 -4.000 -0.003 -4.000
80 0.003 -4.000 -0.003 -4.000
85 0.002 -4.000 -0.002 —4.000
9.0 0.002 -4.000 -0.002 —4.000
9.5 0.002 -4.000 -0.002 -4.000
10 0.002 -4.000 -0.002 -4.000

Notes. Column (2): largest relative deviation of v,(r) in Eq. (13) com-
pared to the true, numerically deprojected v(r) in Eq. (18), computed
from &(r) in Eq. (17). Column (3): position s™* of the largest devi-
ation E™*, When s™* < 1074, the deviation at s = r/R. = 107* is
reported. Column (4): largest surface brightness difference (in magni-
tudes) between the true Sérsic profile and the projection of v,(r), com-
puted from Au(R) in Eq. (19). Column (5): position ™ of the largest
magnitude difference Au™>. When ™ < 10~*, the magnitude devia-
tion at = R/R. = 10~ is given.

converging to it (by construction) for r — co. This behavior is
due to the fact that while v,(r) lies below v;(r) and v.(r), the
leading terms v;(r) and ve(r) remain above the true v(r). In the
central regions, v(r) < v,(r) < vi(r), and in the external parts,
va(r) < v(r) < ve(r). Of course, for r —» 0 and r — oo, the two
inequalities become equalities.

Table 1 reports (with its sign) the maximum relative devi-
ation of &(r) over the whole radial range and the radius s™*
at which the maximum deviation is reached. As also shown in
Figure 2, s™* moves toward the center and &™* decreases for
increasing n. When s™* < 107* (corresponding to models with
n 2 4.2), the largest deviation is reached at radii where a con-
tinuous stellar density profile lacks astrophysical meaning and in
the ™ column, we just report the value of & at s = 107*. In
general, this value is the maximum deviation for all s > 10~ due
to the shape of &(r).

To quantify the deviation of v,(r) from the true profile, we
also considered the radial trend of the difference (in magnitudes)
between the Sérsic profile in Eq. (1) and the projected profile
I,(R) obtained from v,(r). That is, we considered

L(R
Au(R) = —2.5log %. (19)

Figure 3 shows Au(R) for the n = 2, 4, and 8 profiles. The behav-
ior is qualitatively similar for all n > 1. As expected, the errors
are extremely small, and they decrease for increasing n, confirm-
ing that the accuracy of v,(7) is such that it can certainly be used
for all practical purposes. In Columns (4) and (5) of Table 1,
we report the maximum magnitude difference and the radius at
which it is reached for representative values of n. Again, when

T TTTT T T TTTI] T T TTTI] T T TTTI] T TTTT T T TTTT T TTTIT T T TTTI
0 I e —
///
L |
- —T=8
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3 -001 | n=2 .
—0.02 |- _
11 XHHA 11 HHXA 11 XHHA 11 HHXA 11 XHHA 11 HHM 11 XHHA 1l

105 104 108 102 107! 1 10 102 103
R/R

e

Fig. 3. Difference in magnitude associated with the projected profile
obtained from the asymptotically matched density v,(r) in Eq. (13) and
the true Sérsic profiles with n = 2, 4, and 8.

the maximum deviation is reached inside s = 10™%, we give the
magnitude difference at s = 107%.

Of course, it is particularly important that the errors compare
well with those obtained from other high-accuracy fitting meth-
ods (e.g., Vitral & Mamon 2020) but are now associated with a
mathematically motivated, algebraically simple, and (except for
the p value) fully analytical formula. We stress again that this
formula is not the result of a fit.

4. Conclusions

The Sérsic law is the standard profile to describe the surface
brightness of early-type galaxies and other astrophysical sys-
tems. Unfortunately, its deprojection v(r) cannot be expressed
in terms of elementary functions for generic values of the
shape parameter n. Even though nowadays a numerical depro-
jection can be performed very efficiently and with arbitrarily
high accuracy thanks to powerful computer algebra systems,
in some applications the availability of simple and manageable
formulae can be useful. In fact, over the years several ana-
lytical approximations of v(r) have been proposed, and some
of these formulae are very accurate, but in general they are
based on “ad hoc” fits of the numerical v(r) deprojection over
some radial range and are therefore missing — with some excep-
tions — the correct asymptotic behavior of v(r) at small and
large radii. They also may require the input of several numer-
ically determined coefficients, which are sometimes given as
tables.

In this work, we followed a different approach. We con-
structed a simple algebraic formula v,(r), which is not more
complicated than a rational function, to approximate the true
v(r) for n > 1. The derived formula is not a fitting formula.
It contains only two analytical coefficients that depend on n,
and it came from requiring v,(r) to be asymptotically exact at
small and large radii and to reproduce the monotonic decrease
of v(r) with r when n > 1/2. The two asymptotic regimes are
joined with the introduction of a matching parameter p(n) with
a value uniquely determined by the request that the total lumi-
nosity of v,(r) be the same as that of the original Sérsic profile
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of same index n, effective radius R., and central surface bright-
ness Ip. A grid of values of p(n) is provided in Table B.1 for
0.55 < n < 11.6; further values of p(n) can be easily com-
puted by interpolation or numerical integration of Eq. (15). It
is also possible to produce high-accuracy analytical interpola-
tion formulae for p(n), but we did not pursue this possibility in
this paper. We tested v,(r) against the true v(r), and we found
its accuracy impressive at all radii, especially considering its
extreme simplicity. The maximum absolute value of the rela-
tive difference between v(r) and v,(r) decreases for increasing
n and is of the order of ~1073 for n > 4. For example, for the
RY* law in the range 0.1R. < R < 10R., relative errors are
smaller than 0.002. The accuracy of the formula was also tested
by projecting v,(r) and then comparing the surface brightness
profile with that of the Sérsic law, expressed in magnitudes. The
maximum absolute value of the relative difference is very small,
smaller than 0.05 mag in the worst low-n case reported, decreas-
ing to 0.007 mag for the de Vaucouleurs profile and to 0.002 mag
or less for larger values of n. Due to its simplicity, high accu-
racy, and the fact that its properties came from imposing a match
with the known properties of the true deprojected Sérsic law,
we believe the v,(r) in Eq. (13) is the best (theoretically moti-
vated) compromise currently available between simplicity and
accuracy.

Finally, we note that the generalization of the formula to
axisymmetric and triaxial ellipsoidal systems is immediate. In
fact, in order to describe a Sérsic triaxial system of total lumi-
nosity L stratified on

m- = ; + ﬁ + E,
with a > b > ¢, in the expression for v,(7) in Eq. (13), one sub-
stitutes the scaled radius s with m and R, with a and then divides
the resulting formula by the product g,q.. In this way, the total
luminosity of v,(m) is independent of the flattening. The projec-
tion of v, of such a triaxial system at any inclination of the line
of sight can be done as described in Chapter 11 in C21. In par-
ticular, it turns out that a is the semimajor axis of the effective
isophotal ellipse when projecting v,(m) along the intermediate
(y) or short (z) axis, and its value coincides with R, of the spher-
ical limit of v,(m). This ellipsoidal generalization of v,(r) could
be a useful improvement for the modeling technique based on

2 2 2
b

2 _ X y 4 b (20)
a
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triaxial Sérsic ellipsoids presented in van de Ven & van der Wel
(2021).

Acknowledgements. We thank the Referee, Gary Mamon, for a very careful
reading of the manuscript, insightful comments and useful suggestions. LDD
thanks Arjen van der Wel for useful discussions.

References

Andredakis, Y. C., Peletier, R. F., & Balcells, M. 1995, MNRAS, 275, 874

Baes, M., & Ciotti, L. 2019, A&A, 630, A113

Baes, M., & Gentile, G. 2011, A&A, 525, A136

Baes, M., & Van Hese, E. 2011, A&A, 534, A69

Barmby, P., McLaughlin, D. E., Harris, W. E., Harris, G. L. H., & Forbes, D. A.
2007, AJ, 122, 2458

Battaglia, G., Tolstoy, E., Helmi, A., et al. 2006, A&A, 459, 423

Bendinelli, O., Ciotti, L., & Parmeggiani, G. 1993, A&A, 279, 668

Binney, J., & Tremaine, S., 2008, Galactic Dynamics 2nd edition (Princeton
University Press)

Caon, N., Capaccioli, M., & D’Onofrio, M. 1993, MNRAS, 265, 1013

Ciotti, L. 1991, A&A, 249, 99 (C91)

Ciotti, L. 2021, Introduction to Stellar Dynamics (Cambridge University Press)
(C21)

Ciotti, L., & Bertin, G. 1999, A&A, 352, 447

de Vaucouleurs, G. 1948, Ann. d’Astroph., 11, 247

Emsellem, E., & van de Ven, G. 2008, ApJ, 674, 653

Gerbal, D., Lima, Neto G., & B., Mdrquez I., Verhagen H., 1997, MNRAS, 285,
L41

Gradshteyn, I. S., & Ryzhik, I. M. 2007, Table of Integrals, Series, and Products,
7th edn. (Elsevier)

Graham, A. W., & Driver, S. P. 2005, PASA, 125, 118

Graham, A. W., & Guzman, R. 2003, AJ, 22, 2936

Lima, Neto G., & B., Gerbal D., Marquez 1., 1999, MNRAS, 309, 481

Marquez, 1., Lima, Neto G., & B., Capelato H., Durret F., Gerbal D., 2000, A&A,
353,873

Mazure, A., & Capelato, H. V. 2002, A&A, 383, 384

Mellier, Y., & Mathez, G. 1987, A&A, 175, 1

Pechetti, R., Seth, A., Neumayer, N., et al. 2020, ApJ, 900, 32

Poveda, A., Tturriaga, R., & Orozco, 1. 1960, BOTT, 2, 3

Prugniel, P., & Simien, F. 1997, A&A, 321, 111

Sérsic, J. L. 1968, Atlas de Galaxias Australes (Cordoba, Argentina:
Observatorio Astronomico)

Simonneau, E., & Prada, F. 2004, RMxAA, 40, 69

Terzié, B., & Graham, A. W. 2005, MNRAS, 362, 197

Trujillo, I., Asensio, Ramos A., Rubifio-Martin, J. A., et al. 2002, MNRAS, 333,
510

van de Ven, G., & van der Wel, A. 2021, ApJ, 914, 45

Vitral, E., & Mamon, G. A. 2020, A&A, 635, A20

Vitral, E., & Mamon, G. A. 2021, A&A, 646, A63

Young, P. J. 1976, AJ, 81, 807


http://linker.aanda.org/10.1051/0004-6361/202452586/1
http://linker.aanda.org/10.1051/0004-6361/202452586/2
http://linker.aanda.org/10.1051/0004-6361/202452586/3
http://linker.aanda.org/10.1051/0004-6361/202452586/4
http://linker.aanda.org/10.1051/0004-6361/202452586/5
http://linker.aanda.org/10.1051/0004-6361/202452586/6
http://linker.aanda.org/10.1051/0004-6361/202452586/7
http://linker.aanda.org/10.1051/0004-6361/202452586/9
http://linker.aanda.org/10.1051/0004-6361/202452586/10
http://linker.aanda.org/10.1051/0004-6361/202452586/11
http://linker.aanda.org/10.1051/0004-6361/202452586/12
http://linker.aanda.org/10.1051/0004-6361/202452586/13
http://linker.aanda.org/10.1051/0004-6361/202452586/14
http://linker.aanda.org/10.1051/0004-6361/202452586/15
http://linker.aanda.org/10.1051/0004-6361/202452586/15
http://linker.aanda.org/10.1051/0004-6361/202452586/16
http://linker.aanda.org/10.1051/0004-6361/202452586/17
http://linker.aanda.org/10.1051/0004-6361/202452586/18
http://linker.aanda.org/10.1051/0004-6361/202452586/19
http://linker.aanda.org/10.1051/0004-6361/202452586/20
http://linker.aanda.org/10.1051/0004-6361/202452586/20
http://linker.aanda.org/10.1051/0004-6361/202452586/21
http://linker.aanda.org/10.1051/0004-6361/202452586/22
http://linker.aanda.org/10.1051/0004-6361/202452586/23
http://linker.aanda.org/10.1051/0004-6361/202452586/24
http://linker.aanda.org/10.1051/0004-6361/202452586/25
http://linker.aanda.org/10.1051/0004-6361/202452586/26
http://linker.aanda.org/10.1051/0004-6361/202452586/27
http://linker.aanda.org/10.1051/0004-6361/202452586/28
http://linker.aanda.org/10.1051/0004-6361/202452586/29
http://linker.aanda.org/10.1051/0004-6361/202452586/29
http://linker.aanda.org/10.1051/0004-6361/202452586/30
http://linker.aanda.org/10.1051/0004-6361/202452586/31
http://linker.aanda.org/10.1051/0004-6361/202452586/32
http://linker.aanda.org/10.1051/0004-6361/202452586/33

Ciotti, L., et al.: A&A, 694, A118 (2025)

Appendix A: The asymptotically matched formula for n < 1

The paper is mainly focused on the case of Sérsic profiles with n > 1. However, it is of interest to illustrate how the proposed
approach works for the cases n < 1.

We first show that the point-wise limit of equation (13) for n — 1* and an arbitrary but fixed p > 0 converges to the profile
L b(1)5/2 e—b(l)s
R Q)P s
In fact the coefficients c¢; and ¢, in equation (14) both diverge for n — 1, due to the divergence of the beta function as 2/(n — 1);
in particular, the divergence of ¢, implies that for arbitrary but fixed p > 0, v, in equation (13) converges everywhere to the profile
v. of the n = 1 deprojected density in equation (7). The volume integral of v,(r) in equation (A.1) gives a total luminosity of
3L/(2V?2) =~ 1.06L. Therefore, for a generic but fixed p > 0, the total luminosity of the pointwise limit of v, in equation (13) for
n — 1 does not converge to the total luminosity of the true n = 1 profile (even if it is quite close to it). Of course, this behavior is to
be expected, as the limit of v, for n — 1 should be taken not at a fixed p, but along the sequence p(n) defined implicitly by equation
(15), so that the conservation of total L is guaranteed. It follows immediately that lim,,;+ p(n) = 0, because for any strictly positive
limit value p(1) > 0, equation (A.1) would be reobtained, violating the total luminosity conservation. In fact, p(n) is numerically
found already below unity for n = 1.05 (see Table B.1), with values monotonically decreasing for decreasing n toward unity (see
Table B.1).

Next, we consider the n < 1 profiles. From equations (9) and (11) it follows that for 1/2 < n < 1 again v;/v. — oo for s — oo,
and v;/v, — 0 for s — 0 so that the arguments used to build equation (13) still apply, and then

va(r) = (A.D)

vi(r) L ce?”
va(r) = = = (A2)
{1+ i) /ve(n]?} ies [1 +cb Sp—p/@n)]
where
b*I(1 - n) [2n
=— "’ = 4/ =b"'’T(1 - n). A3
“ 2m2nl'(2n) e Fis (d=n (A.3)
For n = 1/2, the deprojected Sérsic profile is Gaussian
Iy \/Z _bs? L (b)\" _bs?
=\ === ’ A4
v(r) R e %\ e, (A4)

where b = b(1/2) = In2 and v(r) = vi(r) = v.(r); that is, for n = 1/2, the true deprojected profile coincides at all radii with the
asymptotic profiles in equations (9) and (11). It follows that v;(r)/v.(r) = 1 everywhere, and then equations (A.2) and (15) require
that lim,,,; 2+ p(n) = oco. This is nicely confirmed by the numerically recovered values of p (see Table B.1).

As for the n > 1, it is natural to define the transition radius r;, where vj(r;) = v.(r;), and from equation (A.2) we obtain the
analogous of equation (16)

2n

se=c " (A.S)

Again, a careful asymptotic analysis shows that s, ~ 7(n — 1)/[2b(1)] for n — 1=, while lim,,_,; o+ 5, = e */2/(2VIn2) ~ 0.273,
in agreement with Figure 1: notice however that for n = 1/2 the concept of transition radius loses its meaning, because v;(r) = v¢(r)
everywhere.

For the sake of completeness, we also consider the range 0 < n < 1/2, where the situation changes. In fact, now v;/v. — 0 for
s — oo and diverges for s — 0, so that equation (A.2) with a positive p would fail to reproduce the correct asymptotic trends of the
true profile. However, it is not difficult to show that v,(r) in equation (A.2) with negative values p recovers the asymptotic trends of
the true deprojected v(r).

In analogy with equation (18), we finally give the integral expression of v(r) to be used for high-accuracy deprojection when
n<l

o bree [ ()
v(r) = — f
R nr Jo (22 +a2)

obtained with the change of variable x = ¢/a" in equation (18). Notice that equation (A.6) avoids the problem of equation (18) when
used with n < 1, namely the fact that the factor a'™" therein would vanish for s — 0, and the integral would diverge, as obvious
from the fact that v(0) is finite for n < 1.

1/(2
/( ni_a]

(A.6)

an 4%

Appendix B: Numerically determined values of p(n)

Table B.1 gives the values of the matching parameter p in equation (13) for a grid of values of n. Two decimal digits of p(n) are
sufficient to guarantee that the total luminosity of v,(r) is the same as that of the Sersic profile of given Iy, R. and n, with relative
differences smaller than 1073 for all values of n reported; with three decimal digits the differences become much smaller than 1074,
For values of n not reported in the Table, p(n) can be easily computed by numerical integration of equation (15), or by numerical
interpolation of the values provided.
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Table B.1. A grid of values of the matching parameter p(n).

p

| n

)4

| n

p

| n

p

| n

p

n

p

0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.40

13.19
6.479
4.224
3.082
2.383
1.903
1.542
1.248
0.974
0.906
1.051
1.153
1.232
1.293
1.352
1.400
1.441

1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
23
24
2.5
2.6
2.7
2.8
29
3.0
3.1

1.511
1.568
1.615
1.654
1.688
1.718
1.743
1.766
1.786
1.805
1.821
1.836
1.849
1.862
1.873
1.883
1.893

32
33
34
3.5
3.6
3.7
3.8
39
4.0
4.1
42
4.3
4.4
4.5
4.6
4.7
4.8

1.902
1.910
1.918
1.925
1.932
1.938
1.944
1.950
1.955
1.961
1.965
1.969
1.974
1.978
1.981
1.985
1.989

4.9
5.0
5.1
52
53
54
55
5.6
5.7
5.8
59
6.0
6.1
6.2
6.3
6.4
6.5

1.992
1.995
1.998
2.001
2.004
2.007
2.009
2.012
2.014
2.016
2.019
2.021
2.023
2.025
2.027
2.029
2.030

6.6
6.7
6.8
6.9
7.0
7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9
8.0
8.1
8.2

2.032
2.034
2.035
2.037
2.038
2.040
2.041
2.043
2.044
2.045
2.047
2.048
2.049
2.050
2.052
2.053
2.054

8.3
8.4
8.5
8.6
8.7
8.8
8.9
9.0
9.1
9.2
9.3

9.5
9.6
9.7
9.8
9.9

2.055
2.056
2.057
2.058
2.059
2.060
2.061
2.061
2.062
2.063
2.064
2.065
2.066
2.066
2.067
2.068
2.069

10.0
10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
10.9
11.0
11.1
11.2
11.3
11.4
11.5
11.6

2.069
2.070
2.071
2.071
2.072
2.073
2.073
2.074
2.075
2.075
2.076
2.076
2.077
2.077
2.078
2.079
2.079
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