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LCDM fits the WMAP  
data well. 



Inverse problems 



•  VSA CMB  
experiment 
(Slosar et al 2003) 

H ≈ 0.7 ± 0.1 
Priors:  Λ≥0  
10 ≤ age ≤ 20 Gyr 





✔  ? 

Do you change your choice? 

This is the Monty Hall problem 



Ques^ons: 



Combining datasets 



iCOSMO.org 



Open source Fisher matrices 



Compu^ng posteriors 

•  For 2 parameters, a grid is usually possible 
– Marginalise by numerically integra^ng along each 
axis of the grid 

•  For >>2 parameters it is not feasible to have a 
grid (e.g. 10 points in each parameter 
direc^on, 12 parameters = 1012 likelihood 
evalua^ons) 



Numerical Sampling methods 

•  MCMC (Markov Chain Monte Carlo) 
•  HMC (Hamiltonian Monte Carlo) 



             MCMC 

Aim of MCMC:  generate a set of points in the 
parameter space whose distribu^on func^on is 
the same as the target density. 

MCMC follows a Markov process ‐ i.e. the next 
sample depends on the present one, but not on 
previous ones.  



Target density 

The  target density is approximated by a set of 
delta func^ons (you may need to normalise): 

and we can es^mate any func^on f by 



Metropolis‐Has^ngs algorithm 

Metropolis algorithm (special case):  

q(θ*|θ) 
θ 



MCMC Algorithm 

•  Choose a random ini^al star^ng point in parameter 
space, and compute the target density.} 

•  Repeat: 
–  Generate a step in parameter space from a proposal 
distribu^on, genera^ng a new trial point for the chain. 

–  Compute the target density at the new point, and accept it 
(or not) with the Metropolis‐Has^ngs algorithm. 

–  If the point is not accepted, the previous point is repeated 
in the chain. 

•  End Repeat: 



The proposal distribu^on 

•  Too small, and it takes a long ^me to explore 
the target 

•  Too large and almost all trials are rejected 

•  q ~ `Fisher size’ is good.  



Burn‐in and convergence 

“Burn‐in” 

You must use a convergence test.   
Gelman‐Rubin test is most common (see notes) 

Points are correlated 



Unconverged chains 



Marginalisa^on 

•  Marginalisa^on is trivial 
– Each point in the chain is labelled by all the 
parameters 

– To marginalise, just ignore the labels you don’t 
want 



CosmoMC 

hrp://cosmologist.info/cosmomc/ 



Hamiltonian Monte Carlo 
•  We would like to increase the acceptance rate to improve efficiency 

•  HMC works by sampling from a larger parameter space: 
•  M auxiliary variables, one for each parameter in the model.  
•  Imagine each of the parameters in the problem as a coordinate.  
•  Target distribu^on = effec^ve poten^al  
•  For each coordinate HMC generates a generalised momentum.  
•  It then samples from the extended target distribu^on in 2M 

dimensions.  
•  It explores this space by trea^ng the problem as a dynamical 

system, and evolving the phase space coordinates by solving the 
dynamical equa^ons.   

•  Finally, it ignores the momenta (marginalising, as in MCMC), and 
this gives a sample of the original target distribu^on.  



Theory 

•  Poten^al U(θ) = ‐ ln p(θ) 
•  For each θα, generate a momentum uα. 

•  K.E.    K = uTu/2 
•  Define a Hamiltonian 

•  and define an extended target density 



Magic of HMC 

•  Evolve as a dynamical system 

•  H remains constant, so extended target 
density is uniform – all points get accepted! 

•  Also, you can make big jumps – good mixing, if 
you generate a new u each ^me a point is 
accepted 

William Rowan Hamilton 



Complica^ons 

•  Evolving the system takes ^me.  Take big steps. 
•  We don’t know U = ‐ ln p (it’s what we are 
looking for) 

•  We approximate U (from a short MCMC) 

•  H is therefore not constant 
•  Use Metropolis‐Has^ngs. Accept new point 
with probability 



HMC vs MCMC 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HMC should be ~M ^mes as fast as MCMC. 
Typical speed‐ups: factor 4. 



✔  P=2/3 

Do you change your choice? 

This is the Monty Hall problem 



Binomial drinking* 

Cris^ano thinks about drinking a borle of Irn Bru once every minute. He 
decides to drink one with probability p = 0.1. 

The distribu^on tells us that the mean ^me between drinks is 1/p = 10 minutes 

You check at random ^mes and note the ^me of the last drink, and the next drink,  
and record the ^me between drinks 

The expecta^on value of the ^me you measure between drinks is 2/p‐1 =19 minutes 

WHY IS IT > 10 minutes? 

Not to be confused with Poisson drinking, which is Drinking Like a Fish 



Model Selec^on 

•  Model selec^on: in a sense a higher‐level ques^on 
than parameter es^ma^on 

•  Is the theore^cal framework OK, or do we need to 
consider something else? 

•  We can compare widely different models, or want to 
decide whether we need to introduce an addi^onal 
parameter into our model (e.g. curvature) 

•  In the larer case, using likelihood alone is dangerous: 
the new model will always be at least as good a fit, and 
virtually always berer, so naïve maximum likelihood 
won’t work. 



Mr A and Mr B 

•  Mr A has a theory that v=0 for all galaxies. 
•  Mr B has a theory that v = Hr for all galaxies, 
where H is a free parameter.  

•  Who should we believe?  



Bayesian approach 

•  Let models be M, M’ 
•  Apply Rule 1: Write down what you want to 
know.  Here it is p(M|x) ‐ the probability of the 
model, given the data. 



More Bayes: 

Define the Bayes factor as the ra^o of evidences: 



δψ

δθ

Let us assume flat priors: 

So priors do not en^rely cancel: 

Laplace approxima^on (analogue of Fisher matrix approach, but for model selec^on) 



δψ

δθ

Occam’s razor… tends to favour simpler model.  



Occam’s razor 

•  "en^^es should not be  
mul^plied unnecessarily.” 
•  “The simplest explana^on  

for a phenomenon is most  
likely the correct explana^on.” 

•  “Make everything as simple  

as possible, but not simpler.” 
 ‐ Einstein 



Which model is more likely? 

p(model with mean zero)/p(model with extra parameter))=2.2 

!1.0 !0.5 0.0 0.5 1.0

1

2

3

4

5

6

7

Mr A and Mr B 



Jeffreys’ criteria 

•   Evidence: 
•  1   < ln B < 2.5 ‘substan^al’ 
•  2.5 < ln B < 5     ‘strong’ 

•  ln B > 5         ‘decisive’ 

•  These descrip^ons seem too aggressive:  
–  ln B=1 corresponds to a posterior probability for 
the less‐favoured model which is 0.37 of the 
favoured model 



Extra‐dimensional gravity? 



Evidence for beyond‐Einstein gravity 

•  How would we tell?  Different growth rate 

•  γ = 0.55 (GR) 0.68 (Flat DGP model) 

•  Do the data demand an addi^onal parameter, 
γ? 



Expected Evidence: braneworld 
gravity? 



VEGAS sampling 

Want a way to sample from a separable func^on of the parameters. 
P(θ) = p1(θ1) p2(θ2)…pN(θN) 

For correlated parameters, 
rotate the axes first (do a 
preliminary MCMC). 

Use rejec^on method 
in 1D, for example 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Nested Sampling 

Skilling (2004) 
Sample from the prior 
volume, replacing the 
lowest point with one from 
a higher target density. 

See: CosmoNEST (add‐on 
for CosmoMC) 

Mul^modal? Mul^NEST 



Binomial drinking* 

Cris^ano thinks about drinking a borle of Irn Bru once every minute. He 
decides to drink one with probability p = 0.1. 

The distribu^on tells us that the mean ^me between drinks is 1/p = 10 minutes 

You check at random ^mes and note the ^me of the last drink, and the next drink,  
and record the ^me between drinks 

The expecta^on value of the ^me you measure between drinks is 2/p‐1 =19 minutes 

WHY IS IT > 10 minutes? 

Not to be confused with Poisson drinking, which is Drinking Like a Fish 



✔  P=2/3 

Do you change your choice? 

This is the Monty Hall problem 

a  b  c 

Event B: box b opened 



Monty Hall solu^on 

•  Rule 1: write down what you want 
•  It is p(a|B) 
•  Now p(a|B) = p(B|a)p(a)/p(B) 
•  p(B) = p(B,a)+p(B,b)+p(B,c) (marginalisa^on) 
– p(B) = p(B|a)p(a) + p(B|b)p(b) + p(B|c)p(c) 
– p(B) = ½ x ⅓ + 0 + 1 x ⅓ = ½ 

•  p(a|B) = ½ x ⅓ / ½ = ⅓ 


