
Accretion discs solutions in AGN



Ø Gas falling onto a compact object loses its potential energy, which is first converted into kinetic 
energy

Ø If the infall is not prevented, the gas will fall into the compact object  without being able to 
radiate

Ø The gas has finite angular momentum: it cannot fall straight onto the compact object, since 
this is prevented by the momentum barrier

Ø Through viscous friction with other gas particles and by the resulting momentum transfer 
outward, the gas will assemble in a disc oriented perpendicular to the direction of the angular 
momentum vector

Ø The frictional forces in the gas are expected to be much smaller than the gravitational force, 
hence the disc will locally rotate with approximately the Keplerian velocity. Each gas element 
interacts with the surrounding elements, thus redistributing the energy and placing at the 
minimum state of energy corresponding to the circular orbit

Ø Since a Keplerian disc rotates differentially (i.e., angular velocity depends on radius), the gas 
in the disc will be heated by internal friction, which causes a slight deceleration of the 
rotational velocity, whereby the gas will slowly move inwards 

Ø The energy source for heating the gas in the disc is provided by the inward motion, namely the
conversion of potential energy into kinetic energy, which is then converted into internal energy 
(heat) by friction à emission of the disc as a blackbody in the case of optically thick disc

The principles of accretion. I
Shakura & Sunyaev (1973)



According to the virial theorem, 2T+U=0 à half of the potential (‘binding’) energy 
released is converted into kinetic energy (the rotational energy of the disc), the other 

half can be converted into internal energy (heat) – see the following slides

Potential gravitational energy à kinetic energy of the infalling gas à heat (through 
viscosity among disc annuli) à thermal emission from the disc

The principles of accretion. II
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M• is assumed to dominate the gravitational potential

Half is converted into heat: Eheat=ΔE/2
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The principles of accretion. III
Ø As described in the optically thick, geometrically thin accretion disc theory (see following slides), 

the temperature profile of the resulting emission from the AD is independent on the detailed 
mechanism of dissipation (the equations do not explicitly contain the viscosity term)

Ø The emission of the AD increases inwards and, at first approximation, can be considered the 
superposition of black bodies consisting of rings with different radii at different temperatures. 
The resulting shape does not have a Planck shape but instead shows a much broader energy 
distribution

Ø The resulting spectrum from such an optically thick accretion disc is fairly flat, where the lower 
and upper boundaries of the frequency interval are determined by the lowest and highest 
temperatures (at the outer and inner radius) of the AD 

Ø Most of the luminosity comes from the inner part of the disc (since T prop. R-3/4) and thus 
depends on how far the disc extends inside (i.e., ISCO…)

The physical mechanism that is responsible for the viscosity is unknown. Molecular viscosity 
likely provides a minor contribution. Possibly, the viscosity is produced by turbulent flows in the 
disc and/or by magnetic fields (MRI, magneto-rotational instability), which become spun up by 

differential rotation and thus amplified, so that these fields may act as an effective friction



ASSUMPTIONS:
• Mdisc<<MBH (MS here)
• H<<r (vertical size << size of the disc)

Keplerian rotation implies a velocity profile 
which is not solid rotation à there exist shear 

forces and, hence, transfer of angular 
momentum from annulus to annulus. 

If the angular momentum is transferred 
outward, then the matter can fall onto the 

compact object and be accreted

We can see the accretion disc + compact 
object system as an efficient machine for 

slowly lowering material in the gravitational 
potential of the accreting object and ‘extracting’ 
energy as radiation. A vital part consists in the 
process converting the orbital kinetic energy 

into heat

Geometrically thin discs. I

Main adopted textbooks
• Accretion Power in Astrophysics

(Frank, King, Raine)
• High Energy Astrophysics 

(Courvoisier)
• High Energy Astrophysics (Longair)
• High Energy Astrophysics (Melia)



Particle transport across a boundary

Geometrically thin discs. II

Random motion of particles of velocity
and free mean path λ (where λ << 

size of the disc)

Particles A move from the inside 
annulus towards the outside annulus, 
and B move in the opposite direction

The orbital velocity vΦ at a given radius 
is linked to the angular velocity Ω(r)

The velocity increases at smaller radii
(i.e., the annuli closer to the compact 
object move faster than the outer ones)

v
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Summarizing

Matter is flowing to the center (increasing 
its velocity), while angular momentum is 

transported outwards

Armijo AD theory review



Geometrically thin discs. III
Particles A transport outwards the outside ring a linear momentum MA×vΦ (r-λ/2), larger than the 

momentum transported in the opposite direction by the particles B, MB vΦ (r+λ/2).
The net transfer of angular momentum L=m vΦ r across r per unit time due to viscous 

transport (due to the different rotational velocity of adjacent annuli) angular is given by
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Assuming the randomness of the process and the absence of net transport of matter 
due to the       random movements (i.e., matter crosses the surface R=constant at 

equal rate in both directions, the flow is in equilibrium) and defining Σ=ρ H = surface 
mass density of the disc [g/cm2]        

v
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G(r)=torque

The change of torque across a ring = 
change of angular momentum of the ring
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ṀA = ṀB = (2⇡rH)⇢(r)v = 2⇡r⌃v



Geometrically thin discs. IV

⌫ = �v
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kinematic viscosity [cm2/s]

mean free path

thermal speed of the 
molecules

case of molecular transport 
in shearing motion

⌫ = �v
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typical velocity of the 
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case of turbulence



Geometrically thin discs. V
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Does it agree with our expectations?

• Rigid rotation: Ω’ (=dΩ/dr)=0 à G=0 (the torque vanishes, no shearing of 
elements)

• If Ω(r) decreases outwards (as in Keplerian discs), G(r) is negative à the 
inner rings lose angular momentum to the outer ones and the gas slowly 
spirals in (towards the central object)



Geometrically thin discs. VI

Net torque on a ring of gas between R and R+dR. The ring is subject to 
competing torques since it has an inner and a outer radius

G(R+ dR)�G(R) =
@G

@R
dR
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Geometrically thin discs. VII

@(G⌦)

@R
dR
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is the rate of ‘convection’ of rotational energy through the 
gas by the torques

if integrated over the whole disc

[G⌦]inner edge
outer edge
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local rate of loss of mechanical energy by the gas 
à it goes into internal (heat) energy

The viscous torques cause viscous dissipation within the gas at the rate 
reported above per ring of width dR

à This energy will be irradiated by the upper and lower faces of the disc



Geometrically thin discs. VIII

Rate of viscous dissipation per unit plane surface area 

D(R) =
G⌦0dR
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=
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Angular velocity has the Keplerian form
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2 plane faces (2×2πRdR)



Geometrically thin discs. IX
Magnitude of viscosity

It can be shown that the shear viscosity gives a force density term in the Φ 
direction which is dimensionally identical to the bulk viscous force density

fvisc,shear ⇠ ⇢�v
@2v�
@R2

⇠ ⇢�v
v�
R2

<latexit sha1_base64="gvcsPbTkpIIwF0kVZOSl9CsZyGo="></latexit>

Compare this term with the inertia terms in the Euler equation

⇢(@v/@t+ (v ·r)v)
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Reynolds number: measures the importance of viscosity
Re<<1: viscous forces dominate the flow; Re>>1: the viscosity associated 

with the given λ and      is dynamically not important à the fluid is in a 
turbulent regime where a new type of viscosity ‘replaces’ (i.e., is much 
higher than) the molecular one (but it is challenging to properly treat)

Re =
inertia

viscous
⇠

v2�/R

�vv�/R2
=

Rv�
�v
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<latexit sha1_base64="NuudT7RVWqxyUZLJJpVV2QPKJPU=">AAAB83icbVDLSgMxFM3UVx1fVZdugkVwVWZEUBdi0Y3LCvYBnaFk0kwbmklCkimUob/hxoWibv0O927EvzHTdqGtBwKHc+7h3pxIMqqN5307haXlldW14rq7sbm1vVPa3WtokSpM6lgwoVoR0oRRTuqGGkZaUhGURIw0o8FN7jeHRGkq+L0ZSRImqMdpTDEyVgoCYc08mw3HnVLZq3gTwEXiz0j56sO9lK9fbq1T+gy6AqcJ4QYzpHXb96QJM6QMxYyM3SDVRCI8QD3StpSjhOgwm9w8hkdW6cJYKPu4gRP1dyJDidajJLKTCTJ9Pe/l4n9eOzXxeZhRLlNDOJ4uilMGjYB5AbBLFcGGjSxBWFF7K8R9pBA2tibXluDPf3mRNE4q/mnl4s4rV6/BFEVwAA7BMfDBGaiCW1ADdYCBBA/gCTw7qfPovDhv09GCM8vsgz9w3n8AH+aVaQ==</latexit>

v: velocity field (flow speed); ρv ∙ ∇v=convection of momentum 
through the fluid by velocity gradients 

[laminar vs. turbulent flows ‘discriminator’]

kinematic viscosity



Geometrically thin discs. X
Shakura & Sunyaev 1973 solution 

‘Prescriptions’: 
• The typical size of the largest turbulent components (‘eddies) cannot 

exceed the disk thickness H (λturb≲H)
• It is unlikely that vturb is supersonic (i.e., higher than the sound speed CS in 

that medium) 

⌫ = ↵cSH

<latexit sha1_base64="KU2z4BB0ThTSU6y8AIe5h8zF560=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIQT0IRS89VrQf0ISw2W7apZtN2N2IpfSvePGgiFf/iDf/jds2B219MPB4b4aZeWHKmdKO820V1tY3NreK26Wd3b39A/uw3FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOLqd+Z1HKhVLxIMep9SP8UCwiBGsjRTYZU9k6Bp5mKdDjEhwjxqBXXGqzhxolbg5qUCOZmB/ef2EZDEVmnCsVM91Uu1PsNSMcDoteZmiKSYjPKA9QwWOqfIn89un6NQofRQl0pTQaK7+npjgWKlxHJrOGOuhWvZm4n9eL9PRpT9hIs00FWSxKMo40gmaBYH6TFKi+dgQTCQztyIyxBITbeIqmRDc5ZdXSfu86taqV3e1Sv0mj6MIx3ACZ+DCBdShAU1oAYEneIZXeLOm1ov1bn0sWgtWPnMEf2B9/gADBpMm</latexit>

α is expected to be ≲1 (α-prescription), maybe not constant all over the disc 
– useful ‘parameterization’ of our very limited knowledge of the disc and its 

properties and processes 
à semi-empirical approach to the viscosity problem



Geometrically thin discs. XI
Radial disc structure 

⌦ = ⌦K(R) =

✓
GM

R3

◆1/2

v� = R⌦K(R)

<latexit sha1_base64="IDw1s2svK4DXNkTbL7XaqEgn4Ao="></latexit>

Keplerian angular velocity

Circular velocity

The gas is supposed to have also a small radial ‘drift’ velocity vR, which is 
negative close to the central object (hence matter can be accreted).

In general, vR=vR(R,t)

The disc is characterized by a surface density Σ(R,t), given by the 
integration of the density 𝜚 along the z direction (perpendicular to the plane 

of the disc)

à Conservation equations for the mass and angular momentum transport 
in the disc due to radial drift motions



Geometrically thin discs. XII
Radial disc structure 

Between radii R and R+ΔR

Total mass

Total angular momentum = mvR 

2⇡R�R⌃

<latexit sha1_base64="2PuZidc9SnNKWpq2G0EfCYRWz9U=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBFdlphTUXVEXLuulF+gMJZNm2tAkMyQZoYxd+CpuXCji1tdw59uYaWehrT8EPv5zDufkD2JGlXacb6uwtLyyulZcL21sbm3v2Lt7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0WVWbz8QqWgk7vU4Jj5HA0FDipE2Vs8+qHoxhbfQuyJMowzu6ICjnl12Ks5UcBHcHMogV6Nnf3 n9CCecCI0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I16BAnCg/nd4/gcfG6cMwkuYJDafu74kUcaXGPDCdHOmhmq9l5n+1bqLDMz+lIk40EXi2KEwY1BHMwoB9KgnWbGwAYUnNrRAPkURYm8hKJgR3/suL0KpW3Frl/KZWrl/kcRTBITgCJ8AFp6AOrkEDNAEGj+AZvII368l6sd6tj1lrwcpn9sEfWZ8/xt6UsQ==</latexit>

2⇡R�R⌃R2⌦

<latexit sha1_base64="SQjDj9yIdssRRys69mrrUKlX4D4=">AAACCnicbZC7TsMwFIadcivlFmBkMVRITFVSVQK2ChjYKJdepCZUjnvaWrWTyHaQqqgzC6/CwgBCrDwBG2+Dexmg5ZcsffrPOTo+fxBzprTjfFuZhcWl5ZXsam5tfWNzy97eqakokRSqNOKRbAREAWchVDXTHBqxBCICDvWgfz6q1x9AKhaFd3oQgy9IN2QdRok2VsveL3oxwzfYuwCuyQhuWVcYuC9i70pAl7TsvFNwxsLz4E 4hj6aqtOwvrx3RRECoKSdKNV0n1n5KpGaUwzDnJQpiQvukC02DIRGg/HR8yhAfGqeNO5E0L9R47P6eSIlQaiAC0ymI7qnZ2sj8r9ZMdOfET1kYJxpCOlnUSTjWER7lgttMAtV8YIBQycxfMe0RSag26eVMCO7syfNQKxbcUuH0upQvn03jyKI9dICOkIuOURldogqqIooe0TN6RW/Wk/VivVsfk9aMNZ3ZRX9kff4A5bqYhg==</latexit>

mass v×R=(ΩR)×R

Rate of change of both quantities ßà net flow from neighbouring annuli (R and R+∆R)



Geometrically thin discs. XIII
Radial disc structure 

Mass conservation (R, R+ΔR ‘boundaries’)

(1)�R ! 0 ) R
@⌃

@t
+

@

@R
(R⌃vR) = 0

<latexit sha1_base64="PRz4hGG2UVRUEB7njnEK+mStq54="></latexit>

variations of (RΣvR) 
between R and R+ΔR 

Σ at R+ΔR vR at R+ΔR

<latexit sha1_base64="ig0+7nLuax1Bv6G8wo67RwlgURk=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiim6Eoi5c1mIv0IQwmU7aoZMLMyeFErp046u4caGIWx/BnW/jtI2grT8MfPznHM6c308EV2BZX8bC4tLyymphrbi+sbm1be7sNlScSsrqNBaxbPlEMcEjVgcOgrUSyUjoC9b0+9fjenPApOJxdA/DhLkh6UY84JSAtjzzwAkkoZlzwwQQXBv9EIzwJR54Nc8sWWVrIjwPdg4llKvqmZ9OJ6ZpyCKggijVtq0E3IxI4FSwUdFJFUsI7ZMua2uMSMiUm00OGeEj7XRwEEv9IsAT9/dERkKlhqGvO0MCPTVbG5v/1dopBBduxqMkBRbR6aIgFRhiPE4Fd7hkFMRQA6GS679i2iM6GdDZFXUI9uzJ89A4KdtnZevutFS5yuMooH10iI6Rjc5RBd2iKqojih7QE3pBr8aj8Wy8Ge/T1gUjn9lDf2R8fAOKsJkD</latexit>

�R

�t
= vR

At a given (‘fixed’) 
radius (annulus), R 
does not show time 
variations

<latexit sha1_base64="Ac7ZNXP5mF7efLEvm0AfCEvIPJk=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyyCqzIjii6LblxWsA9oh5JJM21oJjMkGaEMs3Djr7hxoYhbP8Kdf2OmHURbDwQO59yb5Bw/5kxpx/mySiura+sb5c3K1vbO7p69f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj+5zv3OPZWKReJOT2PqhXgkWMAI1kYa2NV+IDFJ+zGWmmGe/TCks4Fdc+rODGiZuAWpQYHmwP7sDyOShFRowrFSPdeJtZfmFxJOs0o/UTTGZIJHtGeowCFVXjoLkaFjowxREElzhEYz9fdGikOlpqFvJkOsx2rRy8X/vF6ig0svZSJONBVk/lCQmIARyhtBQyYp0XxqCCaSmb8iMsamFW16q5gS3MXIy6R9WnfP687tWa1xVdRRhiocwQm4cAENuIEmtIDAAzzBC7xaj9az9Wa9z0dLVrFzCH9gfXwDv3CYyw==</latexit>

@

@t
indicates temporal variations of the mass due to the net flow of mass through two neighbouring annuli 

(representing the ‘boundaries’ of the present calculation)

mass rate at R 

<latexit sha1_base64="qTCClG+HZ4kF+ZP7ugQrg3igU08="></latexit>

@

@t
(2⇡R�R⌃) = 2⇡R⌃(R, t)vR(R, t)� 2⇡(R+�R)⌃(R+�R, t)vR(R+�R, t) ⇠

⇠ �2⇡�R
@

@R
(R⌃vR)

mass rate at R+∆R 
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Radial disc structure 

Angular momentum conservation
(including the transport due to net effects of the viscous torque G(R,t))

(2)

G(R+ dR)�G(R) =
@G

@R
dR

<latexit sha1_base64="w8qonvaMRnu01bYjqhIgKOJ/mKY=">AAACFnicbVDLSgMxFM3UV62vUZdugkVoEcuMFNSFUHRRl3WwD+iUkslk2tDMgyQjlKFf4cZfceNCEbfizr8x0w6orQdCDufce5N7nIhRIQ3jS8stLa+sruXXCxubW9s7+u5eS4Qxx6SJQxbyjoMEYTQgTUklI52IE+Q7jLSd0XXqt+8JFzQM7uQ4Ij0fDQLqUYykkvr6Sb1kHbtWOb3Ll7bHEU7sCHFJEYP1yQ+3JtC1+nrRqBhTwEViZqQIMjT6+qfthjj2SSAxQ0J0TSOSvSSdiRmZFOxYkAjhERqQrqIB8onoJdO1JvBIKS70Qq5OIOFU/d2RIF+Ise+oSh/JoZj3UvE/rxtL77yX0CCKJQnw7CEvZlCGMM0IupQTLNlYEYQ5VX+FeIhUNFIlWVAhmPMrL5LWacWsVi5uq8XaVRZHHhyAQ1ACJjgDNXADGqAJMHgAT+AFvGqP2rP2pr3PSnNa1rMP/kD7+AZ0E53B</latexit>

<latexit sha1_base64="Ac7ZNXP5mF7efLEvm0AfCEvIPJk=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyyCqzIjii6LblxWsA9oh5JJM21oJjMkGaEMs3Djr7hxoYhbP8Kdf2OmHURbDwQO59yb5Bw/5kxpx/mySiura+sb5c3K1vbO7p69f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj+5zv3OPZWKReJOT2PqhXgkWMAI1kYa2NV+IDFJ+zGWmmGe/TCks4Fdc+rODGiZuAWpQYHmwP7sDyOShFRowrFSPdeJtZfmFxJOs0o/UTTGZIJHtGeowCFVXjoLkaFjowxREElzhEYz9fdGikOlpqFvJkOsx2rRy8X/vF6ig0svZSJONBVk/lCQmIARyhtBQyYp0XxqCCaSmb8iMsamFW16q5gS3MXIy6R9WnfP687tWa1xVdRRhiocwQm4cAENuIEmtIDAAzzBC7xaj9az9Wa9z0dLVrFzCH9gfXwDv3CYyw==</latexit>

@

@t
indicates temporal variations of the angular momentum due to the net flow of a.m. through two 

neighbouring annuli

in the annuli R in the annuli R+∆R
<latexit sha1_base64="zZr/esQlNXnAzUT3eBK93HtShc4="></latexit>

@

@t

@

@t
(2⇡R�R⌃R2⌦) = 2⇡R⌃(R, t)vR(R, t)R2⌦(R)� 2⇡(R+�R)⌃(R+�R, t)vR(R+�R, t)⇥

⇥ (R+�R)2⌦(R+�R) +
@G

@R
�R ⇠

⇠ �2⇡�R
@

@R
(R⌃vRR

2⌦) +
@G

@R
�R

<latexit sha1_base64="DOAlXFeBiecASDK974wJbF+tG9o="></latexit>

�R ! 0 ) R
@

@t
(⌃R2⌦) +

@

@R
(R⌃vRR

2⌦) =
1

2⇡

@G

@R
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Radial disc structure 

G(r) = 2⇡R⌃⌫R2⌦0

<latexit sha1_base64="DSXjaL8jOtY66mRyBXUjfhpDRUE="></latexit>

(3)

Using (1), (2) and (3) and assuming                     (valid for orbits in a fixed gravitational potential) @⌦/@t = 0

<latexit sha1_base64="RwjABZ+xyH9Hg5MWbgqNk3XUnvw=">AAACBnicbVDLSgMxFM3UV62vUZcihBZBEOqMCOpCKLpxZwX7gM5QMmnahiaZIckIw9CVGz/An3DjQhG3foO7/o2ZtohWDwROzn0k5wQRo0o7zsjKzc0vLC7llwsrq2vrG/bmVl2FscSkhkMWymaAFGFUkJqmmpFmJAniASONYHCZ1Rt3RCoailudRMTnqCdol2KkjdS2d70ISU0Rg941Jz10+H3X8Nxp2yWn7IwB/xJ3SkqVonfwOKok1bb96XVCHHMiNGZIqZbrRNpPs5WYkWHBixWJEB6gHmkZKhAnyk/HNoZwzygd2A2lOULDsfpzIkVcqYQHppMj3VeztUz8r9aKdffUT6mIYk0EnjzUjY3FEGaZwA6VBGuWGIKwpOavEPeRRFib5AomBHfW8l9SPyq7x+WzG5PGBZggD3ZAEewDF5yACrgCVVADGNyDJ/ACXq0H69l6s94nrTlrOrMNfsH6+AIBsJsr</latexit>

�R ! 0 ) R
@⌃

@t
+

@

@R
(R⌃vR) = 0

<latexit sha1_base64="PRz4hGG2UVRUEB7njnEK+mStq54="></latexit>

�R ! 0 ) R
@

@t
(⌃R2⌦) +

@

@R
(R⌃vrR

2⌦) =
1

2⇡

@G

@R

<latexit sha1_base64="DCzsLNIBwdIABv7JJfHN2dWQyiQ="></latexit>

(2)

(1)

<latexit sha1_base64="pi9EUIWg6BLfkg9Ad9KgpbX9Bck="></latexit>

R
@

@t
(⌃R2⌦) +

@

@R
(R⌃vRR

2⌦) =
1

2⇡

@G

@R

⌦R3 @⌃

@t
+R3⌃

@⌦

@t
+ ⌦R2 @

@R
(R⌃vR) +R⌃vR

@

@R
(R2⌦) =

1

2⇡

@G

@R

⌦R2R@⌃

@t
+ ⌦R2 @

@R
(R⌃vR) +R⌃vR(R

2⌦)
0
=

1

2⇡

@G

@R

⌦R2(
R@⌃

@t
+

@

@R
(R⌃vR)) +R⌃vR(R

2⌦)
0
=

1

2⇡

@G

@R

) R⌃vR(R
2⌦)

0
=

1

2⇡

@G

@R
Based on (1)

assumption ∂Ω/ ∂t=0



R⌃vR(R
2⌦)0 =

1

2⇡

@G

@R

<latexit sha1_base64="QY9Hhszag9AGmIZenlw/0cx+kPo="></latexit>

(4)

Combining (1) and (4) to ‘remove’ vR dependence

Geometrically thin discs. XVI
Radial disc structure 

<latexit sha1_base64="ikPcRwEigWdMvC6glBb62UBdqVc="></latexit>

R
@⌃

@t
= � @

@R
(R⌃vR) = � @

@R


1

2⇡(R2⌦)0
@G

@R

�

! @⌃

@t
= � 1

R

@

@R


1

2⇡(R2⌦)0
@G

@R

�

<latexit sha1_base64="Uqb6Yqd3oPgua6S5Oj7u09VxR2g="></latexit>

1

2⇡(R2⌦)0
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1

2⇡ @
@R (R2⌦)

=

1

2⇡ @
@R (R2(GM)1/2/R3/2)

=

=
1

2⇡ @
@R (R1/2(GM)1/2)

=

1

⇡(R�1/2(GM)1/2)
=

R1/2

⇡(GM)1/2

<latexit sha1_base64="x9U57Lhw/OOzuA0cewauEnzgOaU="></latexit>

⌦0 =
3

2
(GM)1/2R�5/2

<latexit sha1_base64="w2n0sIPqeWW9wc4K/byYt9hp6s0="></latexit>

@G

@R
=

@

@R
(2⇡R⌫⌃R2⌦0) =

@

@R
(2⇡R3⌫⌃

3

2
R�5/2(GM)1/2) =

@

@R
(3⇡R1/2⌫⌃(GM)1/2) =

3⇡(GM)1/2
@

@R
(⌫⌃R1/2)

(a) (b)



<latexit sha1_base64="lTQ9SfkwSnF1KVo6UEXKEiJEiEo="></latexit>

1

2⇡(R2⌦)0
@G

@R
=

R1/2

⇡(GM)1/2
3⇡(GM)1/2

@

@R
(⌫⌃R1/2) =

= 3R1/2 @

@R
(⌫⌃R1/2)

Geometrically thin discs. XVII
Radial disc structure 

combining (a) and (b)

@⌃

@t
=

3

R

@

@R
{R1/2 @

@R
(⌫⌃R1/2)}

<latexit sha1_base64="rHZ3eUOKdwqcjF5+/+/wMe9orVA="></latexit>

For Keplerian orbits and using G(R)
Basic equation governing the time
evolution of surface density in a 

Keplerial disc. 
ν (viscosity) can be a function of Σ, R 

and t

vR = � 3

⌃R1/2

@

@R
(⌫⌃R1/2)

<latexit sha1_base64="AhvbHvoVZ1LNZ0GF4qqQW0iL/3M="></latexit>

Following G(R) and (4)

<latexit sha1_base64="pCPZtfHju5qE3whtXBzYhRMXzzE="></latexit>
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@
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1
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=
3
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@
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Radial velocity
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Radial disc structure and timescales 

tdyn = R/vK = R/(R⌦K) = (1/⌦K) = (R3/GM)1/2

<latexit sha1_base64="eW+BkdngFcn8DgEuUlhCV72mwUE="></latexit>

Dynamical timescale: corresponds to the orbital timescale

tvisc ⇠ R2/⌫

<latexit sha1_base64="mz9OnWumbnPmx27DoMDt4/16fFk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJrQIglBniqDuim5cVrEP6IxDJk3b0CQzJJnCMBT8CH/AjQtF3Pod7vo3po+FVg9cOJxzL/feE8aMKu04Yyu3tLyyupZfL2xsbm3v2Lt7DRUlEpM6jlgkWyFShFFB6ppqRlqxJIiHjDTDwfXEbw6JVDQS9zqNic9RT9AuxUgbKbAPdJANqcIj6CnK4d1D5dQTSWCXnLIzBfxL3DkpVYveydO4mtYC+8vrRDjhRGjMkFJt14m1nyGpKWZkVPASRWKEB6hH2oYKxInys+n5I3hklA7sRtKU0HCq/pzIEFcq5aHp5Ej31aI3Ef/z2onuXvgZFXGiicCzRd2EQR3BSRawQyXBmqWGICypuRXiPpIIa5NYwYTgLr78lzQqZfesfHlr0rgCM+TBISiCY+CCc1AFN6AG6gCDDDyDV/BmPVov1rv1MWvNWfOZffAL1uc3q6OYSQ==</latexit>

Viscous (or radial drift) timescale: timescale in which matter diffuses through 
the disc over a distance R under the effect of viscous torques. 

Σ changes on tvisc timescale

<latexit sha1_base64="Ej8BjQTKhwsj2jeB/MlzYkaMghE="></latexit>

vR = � 3

⌃R1/2

@

@R
(⌫⌃R1/2) ⇠ ⌫

R

<latexit sha1_base64="1ohvU1+6eFDmcAOKaqYrzdQj5Yo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5qIoseiF4+12A9oQ9hst+3SzSbsTool5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSy4Bsf5tgpr6xubW8Xt0s7u3v6BfVhu6ShRlDVpJCLVCYhmgkvWBA6CdWLFSBgI1g7GdzO/PWFK80g+wjRmXkiGkg84JWAk3y6Dn064pllP8xA3zid+w7crTtWZA68SNycVlKPu21+9fkSTkEmggmjddZ0YvJQo4FSwrNRLNIsJHZMh6xoqSci0l85vz/CpUfp4EClTEvBc/T2RklDraRiYzpDASC97M/E/r5vA4MZLuYwTYJIuFg0SgSHCsyBwnytGQUwNIVRxcyumI6IIBRNXyYTgLr+8SloXVfeq6jxcVmq3eRxFdIxO0Bly0TWqoXtUR01E0RN6Rq/ozcqsF+vd+li0Fqx85gj9gfX5A90SlFA=</latexit>

tvisc ⇠ R/vR

Keplerian velocity



The geometric thin disc approximation requires that the local Keplerian velocity should 
be highly supersonic (maybe not satisfied throughout the whole disc)
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thin-disc approx.

If the typical scale 
height of the disc in 
the z direction is H

From F. Melia

Vertical component of the 
gravitational force (MBH is 

the dominant term)

Hydrostatic equilibrium application to the disc
Consider the z-(vertical) direction in the structure of the disc, where essentially there is 

no flow – Euler equation, with all velocity terms neglected
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Geometrically thin discs. XVIII
Radial disc structure and timescales 

Thermal timescale: characteristic timescale needed for a system to 
recover thermal equilibrium

tth =
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2
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tdyn~ α tth ~ α (H/R)2 tvisc à dynamical < thermal < viscous timescales

thermal energy content (kρT/μmH) per unit surface area

viscous dissipation rate



Changes in the radial structure of the disc occur on viscous timescale. In many systems, 
external conditions (e.g., mass transfer rate) change on t>tvisc. In this case, a stable disc 

will settle to a steady-state structure (𝜕/𝜕t=0 in the conservation of mass and angular 
momentum formulae, (1) and (2)) 

Geometrically thin discs. XIX
Steady thin disc

R
@⌃

@t
+

@

@R
(R⌃vR) = 0 ! R⌃vR = cons
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This represents the constant inflow of mass through each point of the disc (because it is 
the integral of the mass conservation equation)

Ṁ = 2⇡R⌃(�vR)
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Mass accretion rate 
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where C=constant

(1)

(2)



Geometrically thin discs. XX
Steady thin disc

G = 2⇡R⌫⌃R2⌦0
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C is related to the rate at which the angular 
momentum flows into the compact object or to 

the couple exerted by the compact object on the 
inner edge of the disc

Consider the compact object being a star (✶) and the disc extending down to its 
surface. To prevent disruption, the star must rotate more slowly than the break-up 

speed at its equator

⌦? < ⌦K(R?)
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The angular velocity of the disc material remains Keplerian 
and increases inwards, until it begins decreasing to Ω★ in a 

sort of boundary layer of radial extent b
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⌦0 = d⌦/dR



Geometrically thin discs. XXI
Steady thin disc

There exists a radius R=R✶+b at which Ω’=dΩ /dR=0 

⌦(R? + b) = (
GM

R3
?

)1/2[1 +O(b/R?)]
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In practice, b<<R✶ and thus Ω is very close to its Keplerian value at the point where 
Ω’=0

If b~R✶, the thin-disc approximation breaks down at R=R✶+b (we are not anymore in 
the condition of a ‘boundary layer’ but a sort of thick disc)

At R=R✶+b 
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2⇡R3
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?⌃vr⌦(R? + b)

Ṁ = 2⇡R⌃(�vr)

) C = �Ṁ(GMR?)
1/2
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Ω is very close to its Keplerian value

Ω at R✶+b



Geometrically thin discs. XXII
Steady thin disc
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Ṁ

3⇡
[1� (

R?

R
)1/2]

<latexit sha1_base64="HA3zkDUpQ7jzPzkUNjS7xikuvVA="></latexit>

Geometrically thin discs. XXIII
Steady thin disc

D(R) =
9

8
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GM
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viscous dissipation per unit disc face area
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The energy flux through the faces of a steady thin disc is independent on the ν (viscosity). 
Such independence relies on the fact that we adopted conservation laws to ‘remove’ the ν

term, BUT the other disc properties (Σ, vr) do depend on ν
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Geometrically thin discs. XXIV
Steady thin disc

Luminosity produced by the disc in the annulus (R1, R2)
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2 faces of the disc
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The matter dissipates half of its potential energy in falling from infinity to radius R 
à source of luminosity of the disc
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Steady thin disc
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Total rate at which energy is dissipated in a ring of internal radius R and external radius R+dR
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Rate of release of gravitational binding 
energy between R+dR and R

Net flow of energy into the annulus dR 
associated with the transport of angular 

momentum outwards (i.e., work done by the 
local torque on the exterior disc)

At any radius, the energy dissipation rate consists of the release of gravitational binding energy + 
energy loss due to angular momentum transport (outwards)

Another way to ‘interpret’ 
the dissipation rate



Geometrically thin discs. XXVI
Steady thin disc

For R>> R✶, this viscous transport of energy liberated lower down in the potential 
well is twice as important as the local binding energy loss  

à The viscous transport has a key role in redistributing the energy release within the 
disc, but the total rate cannot change (i.e., it is preserved) 
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GMṀ

2R2

‘GENERAL’ FORM

• Rin=RISCO
• β<1: depends on whether the accretion fow within the ISCO has significant magnetic content to 

connect it to the disc flow further out (Krolik 1999)
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Geometrically thin discs. XXVII
Steady thin disc
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Geometrically thin discs. XXVIII
Steady thin disc, radial velocity

We have seen that in case of thin-disc condition, the circular matter velocity vΦ will be very 
close to the Keplerian velocity vK
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Ṁ = 2⇡R⌃(�vR)
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What about the radial velocity?
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Ṁ(GMR?)1/2

2⇡R3

�⌫⌃
3

2
(GM)1/2R�5/2 = ⌃vr(GM)1/2R�3/2 +

Ṁ
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Geometrically thin discs. XXIX
Steady thin disc, radial velocity

The shear viscosity leads to an inexorable transfer of angular momentum outwards 
and a diffusion of mass inwards 

The dominant velocity at any given radius is always the orbital one 

ℳ=Mach number = vΦ/cS
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R
)1/2
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Geometrically thin discs. XXX
The emitted spectrum

If the disc is optically thick, each element of the disc face radiates roughly as a 
blackbody with temperature T(R)

� T 4(R) = D(R) =
3GMṀ

8⇡R3
[1� (

R?

R
)1/2]

! T (R) = {3GMṀ

8⇡R3�
[1� (

R?

R
)1/2]}1/4
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More energy is dissipated close to the BH than far from it, i.e., more energy per unit 
area à regions close to the BH are hotter (TBB increases at small radii)

commonly used formula
<latexit sha1_base64="YKKUDufvOkLxvpPtx9Yw8RCZp6o="></latexit>
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Geometrically thin discs. XXXI
The emitted spectrum

I⌫ = B⌫ [T (R)] =
2h⌫3

c2
1

eh⌫/kT (R) � 1
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[erg/cm2/s/Hz/sr]

The atmosphere of the disc (i.e., the part of the disc at optical depths τ⩽1 to infinity) 
is neglected in the redistribution of the radiation over frequency

D: distance of the observer
i: angle between the line-of-sight and the normal to the disc plane
A ring of radii R, R+dR subtends a solid angle 2π RdR cos(i)/D2

F⌫ =
2⇡ cos i

D2

Z Rout

R?

I⌫ R dR =
4⇡h cos i ⌫3

c2D2

Z Rout

R?

R dR

eh⌫/kT (R) � 1
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No dependence on viscosity



Geometrically thin discs. XXXII
The emitted spectrum

Tout=T(Rout)

This is a valid solution for all sources in accretion having an optically thick accretion disc.
For non-magnetic white dwarf and neutron stars, Rin=R✶; for a magnetic white dwarf, it 

can be demonstrated that Rin=magnetospheric radius. For BHs, Rin=Rmin (ISCO, …)

~Wien (hot part of the disc)

Steady disc optically thick 
accretion radiating locally 

as a BB

x =
h⌫

kT (R)
⇠ h⌫

kT?
(
R

R?
)3/4 ! F⌫ / ⌫1/3

Z 1

0

x5/3

ex � 1
dx / ⌫1/3
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~Rayleigh-Jeans

‘Stretched-out’ BB

At intermediate frequencies: the upper boundary 
of the integral is hν/kT(Rout)>>1, while the lower 

boundary is hν/kT(R✶)<<1



Including the X-ray emission 
due to the hot corona (T~108 K)

From H. Netzer

Geometrically thin discs. XXXIII
The emitted spectrum



What about Rout? – see the lesson on torus and obscured AGN

ROUT~self-gravity radius which is the location where the local gravity exceeds the 
vertical component of the central BH gravity and the disc becomes unstable

<latexit sha1_base64="nI/3vL3Q0Mj5TiYy/98A0ZXZeXs="></latexit>

RSG ⇠ 1680 M
� 2
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9 ↵
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9 [
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LEdd
]
4
9 [

⌘

0.1
]�

4
9 Rg

M9=MBH/109 M⦿
ɑ=viscosity parameter 
η=radiation efficiency

à RSG~0.04pc in case of LAGN/LEdd~0.1, 109 M⦿ BH

The disc starts fragmentation into clouds moving in the same general plane beyond RSG

Geometrically thin discs. XXXIV
The outer boundary of the disc



Geometrically thin discs. XXXV
The local structure of thin discs

In the thin-disc approximation, at a given radius both the pressure and the temperature gradients 
are essentially vertical (the radial and vertical structures are largely decoupled). 

Hydrostatic equilibrium                             provides

⇢(R, z) = ⇢c(R) e�z
2
/2H2
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density of the central disc plane z=0 (z=vertical direction)

⇢ = ⌃/H

H = R cS/v�

c
2
S = P/⇢
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Stefan-Boltzmann constant

Gas pressure Radiation 
pressure

Assumption: T(R,z)~TC(R)=T(R,0)
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TC (central T) relies on an energy equation relating 
the energy flux in the vertical direction (e.g., 

radiative transport) to the rate of generation of 
energy by viscous dissipation



Geometrically thin discs. XXXVI
The local structure of thin discs

Consider radiative transport + disc medium assumed as ‘plane-parallel’ at each radius (so that the 
temperature gradient is effectively in the z-direction). 

The flux of radiant energy at the surface z=constant is

Rosseland mean opacity

F (z) =
�16 � T 3

3 kR ⇢

@T

@z
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⌧ = ⇢HkR(⇢, TC) = ⌃kR >> 1
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It is implicitly assumed that the medium is optically thick

Energy balance: radiated flux = volume rate of energy production by viscous dissipation Q+

@F

@z
= Q

+ ! F (H)� F (0) =

Z
H

0
Q

+(z)dz = D(R)
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F (z) ⇠ (4�/3⌧) T 4(z)
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If T
4
C >> T

4(H) ! (4�/3⌧) T 4
C = D(R)

optical depth

surface temperature



Geometrically thin discs. XXXVII
The local structure of thin discs – summarizing equations
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[8] ⌫ = ⌫(⇢, TC ,⌃,↵, ...)

Solving these equations provide the derivation of the radial drift velocity



From G. Risaliti

Indicative of a radiatively efficient AD

AGN



What about the other ‘flavours’ of discs?



Radiation inefficient accretion flows: 
Advection-Dominated Accretion Flows (ADAF). I

So far we have discussed thin-disc solutions, where all of the gravitational binding energy is 
radiated away

There are cases where the radiation efficiency of the accretion flow is insufficient to emit all the Egrav
liberated in the disc, i.e., the radiation transfer rate in the accreted matter is insufficient to carry all 

the energy to the surface of the flow where it can be radiated à part of the energy is then advected 
with the flow (which is therefore adiabatic), instead of being radiated from, and the accretion flow 

ultimately is accreted beyond the horizon (in BHs). 

The flow retains most of its energy and does not radiate/cool efficiently

à ADAF solutions (inefficient-disc solutions à lower luminosities than geometrically thin, optically 
thick Shakura-Sunyaev discs) – also called RIAF (Radiatively Inefficient Accretion Flows). 

Often mentioned (with some differences) as ADIOS (ADiabatic Inflow-Outflow Solutions), CDAF 
(Convection-Dominated Accretion Flow), …

Treatment as in High Energy Astrophysics (Courvoisier) and
The Physics and Evolution of Active Galactic Nuclei (Netzer) 



ADAF solutions. II
Accretion discs with very low accretion rates may have much lower densities than in SS73 discs. 
Since cooling is generally prop. to Ne

2, cooling is much less efficient, and the particles retain the 
dissipated gravitational energy for a longer time à particle temperatures can rise to the virial 

temperature

Coulomb collisions between ions and electrons in low-density gas are slower and less efficient in 
sharing the total kinetic energy 

In ADAF, most of the Egrav locally deposited in the disc by viscous processes is stored as internal 
energy of the ions (because of their larger mass and because the electrons are more efficient 

coolants) à Tions>>Telectrons
The gas temperature close to the BH may reach very high values (Tions if density is low and 

Coulomb interaction is inefficient) 
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From Netzer

Magnetic fields can be present: 
in such cases, Epot=Ekin+Emagn

ADAF solutions. III

Low density, inefficient cooling in the 
innermost region. The gas does not 

cool and reach very high T à
increase in the thickness of the disc 

(the disc “inflates”)

Inefficient conversion of gravitational to radiated electromagnetic energy because most of this is 
advected (‘lost’ in the BH) à low resulting luminosities

The accretion rate may not necessarily be very low: they can be extended and be characterized 
by a standard accretion disc in the outer regions (thus a dramatic change in the disc structure 

should be present) à two-temperature disc



ADAF solutions. IV

Number of particles passing through a disc element per unit time nvd�
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Surface number density

Radial velocity v(r)
Area of the disc element

du = T ds
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Change of internal energy per ion (in absence of mechanical work, 
Thermodynamics’ first law)

Entropy

Radial flux of particles through 
the disc

Total internal energy transfer 
across r per unit time and per unit 

surface

duadv

dr
= T

ds

dr
! dUadv

dt
= nvT

ds

dr
= Q+ �Q�
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Egrav transferred to the plasma by 
viscous processes (D(R))

Energy radiated by the plasma 
by all processes



ADAF solutions. V

Q+ = D(R) =
3GMṀ

8⇡R3
[1� (
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R
)1/2]
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for a Keplerian disc

Locally dissipated energy per 
unit surface

In case of SS73 (radiative efficient) discs, Q+ = Q− (hence no net increase of internal energy 
locally)

In ADAF, Q+ >> Q−, and the mean Tplasma increases inward faster than in the previous (SS73) 
case. Almost all viscous energy is stored in the gas and deposited into the BH, i.e., an element 

of the gas is unable to radiate its thermal energy in less time than it takes to be transported 
through the disc onto the BH. 

Cooling<<heating. For a given accretion rate, L(ADAF)<<L(cooling-dominated flow)

These are Optically thin (2-T) ADAF solutions with a very low, sub-Eddington 
accretion rate

There are also Optically thick ADAF solutions: objects are accreting at super-
Eddington rate but radiate less than the standard disc (most of the radiation is 
trapped inside the disc and is carried toward the central object) – slim discs



ADAF solutions. VI

Narayan et al. (1998)

Ṁ > ˙Mcrit
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The system is well described by a 
standard efficient disc

Ṁ < ˙Mcrit
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The system is in the ADAF regime
(low-luminosity AGN, some LINERs, 

binaries in particular states, …)
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Rtr=transition radius between the hot flow and the thin disc
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g 
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<latexit sha1_base64="N8wd4s1DV/Su6bcsD5MkMHdkjP4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUhKRZdFEdwIFewDmhgmk2k7dCYJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3Pu4c49QcKoVLb9bZSWlldW18rrlY3Nre0dc3evLeNUYNLCMYtFN0CSMBqRlqKKkW4iCOIBI51gdDnxOw9ESBpHd2qcEI+jQUT7FCOlJd88dCXl0Lbq0EUsGaL7GnTDWGU3uZ9dhWHum1XbsqeAi8QpSBUUaPrml87jlJNIYYak7Dl2orwMCUUxI3nFTSVJEB6hAelpGiFOpJdND8nhsVZC2I+FfpGCU/V3IkNcyjEP9CRHaijnvYn4n9dLVf/cy2iUpIpEeLaonzKoYjhpBYZUEKzYWBOEBdV/hXiIBMJKd1fRJTjzJy+Sds1yTi37tl5tXBR1lMEBOAInwAFnoAGuQRO0AAaP4Bm8gjfjyXgx3o2P2WjJKDL74A+Mzx8FhZi6</latexit>

⇠ 0.4↵2ṀEdd

For details, see Yuan & Narayan et al. (2014, ARA&A)
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ADAF solutions. VII



ADAF solutions. VIII

Narayan et al. (1998)

Slope depending on the 
accretion rate

Bremsstrahlung, 
synchrotron, Compton 

and pion-related 
processes

Sync
IC Brem

Pion decay 
(p-p collision)


