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Searching for clues relating to structure
 formation across the hierarchy… 
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Earliest fossil of accretion 
Press-Schechter approximation 
Dark age accretion 
Spherical top-hat model 
Virialization 
Gunn & Gott accretion model 
Void evolution 
Zel’dovich approximation 
Burger’s equation 
Pichon’s asymmetric collapse 

“Nature operates by rules we can discover in successive approximations…” 



Bland-Hawthorn (Bologna 2011) 

So is there evidence for accretion 
when atoms formed immediately 
after decoupling? 

We now introduce the Press-Schechter approximation as this has been
 widely used to calculate HI 21cm signals during the Dark Ages 
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Springel+ 2005 
Millenium 



Press-Schechter approximation (1974) 
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For a cumulative mass function N(>M) = comoving no. density of
 bound structures with mass > M,  

PS arrived at a useful approximation for the differential mass function
 n(M) = dN(>M) / dM that is hard to justify rigorously. But it works! 

Springel+ 2005 

This formula has a long and chequered
 history; see convoluted discussions in
 Peacock 99, Longair 07 and Binney &
 Tremaine 08. An excellent review is
 Cooray & Sheth 02. 



Press-Schechter approximation (1974) 

Bland-Hawthorn (Bologna 2011) 

To arrive at their formula, they needed two quantities. 

1. Fraction of space f where the initial density contrast δ > δcrit after it has
 been filtered with a kernel of mass M (these are non-linear condensations) 

2. Fraction of mass in objects more massive 
    than M, 

(1) and (2) are differentiated wrt M and  
made equal to arrive at the PS approx. 



Press-Schechter approximation (1974) 
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Blain 2007 

The roll over at large M and the
 time evolution both come from
 the factor 

CDM variance is smaller at large
 M, larger at small M, at all times
  non-linear evolution 



Other projections: 

1. evolution of comoving no. density of
 objects more massive than M 

2. evolution of equal mass mergers  

Press-Schechter approximation (1974) 
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Efstathiou 1995 

Lacey & Cole (1993): open source
 code "extended" to identify
 progenitors in merger trees 



Sheth and van de Weygaert 2004 
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Good discussion, probably
 clearer than BT08, Longair07
 on EPS, voids, clouds, etc. Nice
 illustrations also. 

Work up in future lectures. 



FOOTNOTE: Biggest fluctuations collapse
 earliest with PS plot to show too... 

  Best derivation is probably BT08 ch. 9, L07 also good 
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FOOTNOTE:  
PS does not match galaxy or cluster mass functions today...  
a portent of gas processes to come. 
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...and a lot of high-z astrophysics is done using the PS approximation, 
or more specifically extended PS using open source code (Lacey & Cole 1993). 

2006 
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Dark Ages: z~1089 to z~200, i.e. 370,000 to 6 million years? 
What options do we have to see anything post recombination? 

2001 

We have only the HI 21cm hyperfine spin-flip transition 
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Dark Ages:  a serious black out from z~1089 to z~200? 
In a neutral hydrogen universe, we really have only Ts to work with
 and it needs to be different from TCMB  

ground state 

hyperfine
 state due to
 spin flip 

n1 

no 

λ = 21.16 cm 

CMB photons keep TS close to TCMB until z~200
 through ICS so the universe is effectively dark to us. 

To detect HI, we need to decouple, but how? 

Two ways: 

(A) Spin exchange between H atoms (Purcell & Field 1956) 

   efficiency depends on local TK and density 

(B) Lyα pumping which then decays to hyperfine level (Field-Wouthuysen Effect) 

efficiency depends on local UV field (Tα = Lyα temperature) 
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So what about accretion after decoupling? 

The expanding universe was filled  

with cooling CMB and cooling HI… 

CDM density 

Baryon density 

Baryon temperature (TK) 

Photon temperature (TCMB) 

Power spectrum of n, T fluctuations  

vs. co-moving wavenumber 

Why the Dark Ages? 

TK is bound on largest scales to TCMB by
 ICS until z~200 but decouples after
 that. 

Then TS ~ TK < TCMB so HI seen
 absorption against CMB until z~30. 

After that, collisions are rare, HI
 invisible again, except that H2 cooling
 inside mini-haloes starts? 

First stars, Lyα pumping, HI emission. 

gas heading
 for mini halos  
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Also Doug Lin, Saas Fee lectures; picked up by Tom Abel in
 his work (but not acknowledged?). 



Bland-Hawthorn (Bologna 2011) 

z ~ 150: TK falls below TCMB for the first time 
i.e. mean density is sufficient to collisionally couple TS
 to TK such that HI universe is mostly in absorption… 

Furlanetto & Loeb (2004): strongest HI emission
 from gas compressing into large-scale IGM shocks 

0.5 Mpc co-moving box 

z<20: Lyα pumping from
 first sources takes over… 

Shapiro et al (2006): strongest HI emission from
 gas compressing into mini halos (104 < M < 108);
 they find large-scale shocks of lesser importance 

δT = TS-TCMB 



Bland-Hawthorn (Bologna 2011) 

Not defined In absorption 

Warming up but
 still in absorption 

Diffuse HI reionized 

TS-TCMB 
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Main science driver of  
Square Kilometer Array (SKA) ~ 2020+ 

Accretion studies will be greatly advanced after the SKA comes on line.  

We will need the intervening decade+ to properly treat gas physics in
 cosmological simulations. This is a topic of the future! 
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When did the first star form? 

Maybe as early as z~65? 

But certainly by z~20-30 



To=12.90 Gyr 

FAR FIELD 



FAR FIELD 

To=12.88 Gyr 



is this believable? 
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Main science driver of the James Webb 
Space Telescope (JWST) ~ 2018+ 

How to think really big! 

NASA appears to be launching this satellite out to z ~ 30 kpc  
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I will now introduce some theoretical concepts that
 have been useful in understanding how non-linear
 structure forms out of  linear perturbations. 

We will meet important ideas that are used in
 comparing simulations with data. 
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Some basic theory: 

a

a 
. 

ρ 
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open 

closed 

marginally
 bound 

In EdS universe, a(t) ∝ t2/3 

We will adopt EdS universe as it
 simplifies algebra… 



Spherical Collapse 

Solutions to (2) 

ρ1 ρ2 

R1 

R2 

G 
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Nowadays, R200 is more
 conventional within ΛCDM 

Amazing fact: 
The DM halo of  M31 is tens
 of  degrees in size as "seen"
 from Earth. See what follows. 

We see this in the definition
 of  the NFW halo 
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K. Gilbert  
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R200 for M31 
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€ 

GM
R

= v 2(R) = const

ρR2 = const

This is one of  a much wider class of  similarity solutions for
 collapse (e.g. Bertschinger 1984; Fillmore & Goldreich 1984) 

Mo is a constant 

R α M1/3  sinceρwithin infalling
 shells is a constant 
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Infinite parallel sheets experiment (1D kinematics) 

N sheets start together at x=0, expand with Hubble flow, then collapse under mutual self  gravity. 

Simple equation of  motion depends only on sheets either side of  sheet i 

There is only a linear distance dependence and  
we can track sheets that have crossed. 

The inner sheets have to climb out of  a deeper 
well than when they fell in; the delayed outer  
sheets infall and climb out of  a shallower well. 
This transfers energy to the outer sheets. 

Virialization, phase mixing, violent relaxation  
 core-halo structure 

€ 

˙ ̇ x = 2πGµ(N+i − N− i)
already collapsing sheet crossing in core 

core lose E to outer  

core-halo structure 

core 

halo phase mixing in core 

PHASE SPACE 

Yamashiro; BT08 
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Evolution of voids 

Underdense regions are not held back by internal gravity, and therefore
 expand faster than the universe as a whole. Smaller voids are swept aside.  

They promote the rapid development of sheets and filaments. Flow takes
 place along these into the collapsed interstices. 

Dubinski et al 1993 

In the 3rd lecture, we
 will see how this
 process may assist
 cold mode accretion. 

In any event, our
 simple pictures of
 spherical or 1D
 sheet accretion
 must be modified. 
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2004 

Note how the small voids are swept aside by the larger rapidly expanding voids. 
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The power of a concise abstract. 

Until now, we have been limited to spherical accretion. But as void evolution
 demonstrates, this cannot be true in general. 

Elliptic perturbations have been discussed (Peacock & Heavens 95; Sheth &
 Tormen 1999; Jenkins et al 2001; cf. Jang-Condell & Hernquist 2001). 

Zeldovich (1970) showed how collapse can be followed into the non-linear regime.
 Collapse happens fastest along the shortest axis (Lin et al 1965). 
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Zeldovich approximation (1970) 
Perturbations are following in Lagrangian coordinates r (x are proper coordinates) 

p(r) describes the deviations as viewed from a comoving observer and a(t) describes
 the background expansion 

In the reference frame of an ellipsoidal perturbation, the deformation tensor is 

The density in the vicinity of any particle is 

α, β, γ vary from point to point depending on local density variations, but a(t), b(t) are
 the same for all particles, i.e. perturbations grow at the same rate everywhere!
 They can have different shapes but direction of motion depends on (smooth) density
 depending on ellipsoidal kernel you've chosen to determine α, β, γ . 

mean universal density 

mass 
conserved 
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Once one of the diagonal terms
 has gone to zero, a pancake is
 formed and we have infinite
 local density (but finite
 surface density). 

The solution then breaks
 down, but it does a good job. 

The coeffs α, β, γ have to be
 evaluated at every point. The
 ZA particles move purely
 under gravity, i.e. no pressure.   

 Left: CDM, full 3D gravity.   Right: Zeldovich approx. 
     based entirely on ballistic 
     motion dep. on local density 

But note something very interesting about motion within comoving coordinates which is
 what Zeldovich spotted. 
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R1 

R2 

1970 
a

a 
. 

€ 

δH
H

= −
1
3
δρ
ρ
∝ t 2 / 3

-

response to Hubble flow response to perturbation 
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The comoving frame has no forces acting! It's just kinematic, not
 dynamic, motion depending on local density field! 
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So ZA simulations have particles shooting through structures unaccelerated in comoving
 coordinates, hence often resemble hot dark matter simulations (e.g. 1 keV particles). 
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physical co-moving 
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Interestingly, it is possible to compute the non-linear P(k) from the initial power
 spectrum within Zel’dovich’s approximation, and derive the build up of angular
 momentum. 

Brilliant insight! Solvay 1920? 



Interesting twist on void evolution
 and Zeldovich pancakes... 
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